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2.1 Abstract

We present some ingredients common to physical theories that justify the use of the ideas
and of the language of Operator Algebras in the context of Quantum Physics.

2.2 Introduction and Summary

The algebraic formulation of Quantum Physics provides a powerful unifying language
that can be employed in the description and understanding of numerous phenomena of
the quantum world. In this note, we intend to present some of the ideas that guide
this language, centred on physical and probabilistic principles. The illustrative cases
of Classical Mechanics, Quantum Mechanics, and relativistic Quantum Field Theories
are discussed, and some results are presented, such as Heisenberg’s and Schrödinger’s
uncertainty relations. This text does not intend to be an exhaustive discussion of the
various topics presented here, but aims to motivate the reader in future studies. Therefore,
a detailed, albeit incomplete, bibliography is presented.

2.3 General Description of Physical Theories

Physics is composed of various theories, related to each other in diverse ways, and which,
to a greater or lesser degree of approximation, describe the observable world. We can
list Classical Mechanics, Thermodynamics, Quantum Mechanics, Relativistic Quantum
Field Theory, the Theory of General Relativity, and Statistical Mechanics. These diverse
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theories, however, share a series of common ingredients. Every physical theory should be
able to specify:

� Physically observable quantities and their mathematical description, the relation-
ships between these observables, such as compatibility relations, algebraic relations,
etc.

� The set of possible outcomes of individual measurements of these observables.

� The association between physical systems, observables, and the probability distri-
butions that describe measurements of these observables in states.

� The set of pure states (see [1] for a general discussion of this notion).

� The dynamics of observables and states.

� The symmetries of the described physical systems and their implementations in
states and observables.

These questions are not necessarily independent. The dynamics, for example, can be
associated with symmetry by temporal evolution, and the set of pure states can be fixed
by the algebra of observables.

Let’s try to discuss some of the points above in more detail.

Observables, measurements and probability distributions

Each physical theory has its own set of observable quantities (in Heisenberg’s1 words,
“it is the theory that defines what is observable” [2]) and one of its main objectives is
to describe the result of measurements of these observables in physical systems. Let A
be an observable physical quantity and C(A) the set of possible values resulting from
measurements of A (in any state). It is an experimental fact that repeated measurements
of an observable A, under the same conditions, that is, in the same physical state E of
the system studied, do not necessarily provide the same value in C(A), having a random
character.

It is an observational fact that an ideally infinite succession of experimental mea-
surements of A, all under the same physical conditions of the system in question, should
produce a statistical distribution in C(A) defined by a probability measure.

Let us generically denote these physical conditions by E (which can concretely repre-
sent a set of physical parameters of the system) and by µE,A the probability measure in
question.

This probability measure µE,A is a function of both the set of conditions E that spec-
ifies the system and the observable A considered. This probability measure µE,A is called
the state (or physical state) of the system in question with respect to the observable A.
Since all information about the properties of the physical system, with respect to the
observable A, must be the result of the statistical analysis of the experimental measure-
ments of A in the system, we conclude that the probability measure µE,A, that is, the
physical state of the system, contains within itself all the available information about
these properties.

1Werner Karl Heisenberg (1901–1976).
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Herein lies embedded a physical (or philosophical, if you will) principle according
to which only objective reality derived from experimentation allows inferences about a
physical system, and this reality manifests itself in the form of statistical distributions in
the sets C(A) for the various observables A with which we study the system. In other
words, the reality of a physical system is only achieved based on experimentation, and
inferences about it must be statistical inferences based on experimental data. It is only
based on these inferences that one can determine general patterns (if any) that lead to
the elaboration of physical laws and theories to explain them based on simpler principles
(physical postulates) and mathematical inference. Allow us a historical-philosophical
comment. It is a general belief of physicists, first expressed by Galilei2 in the 16th-
17th centuries, but with deeper roots, that the formulation of physical theories based on
mathematical ideas, a construct of the human mind, is possible. That such a thing is
true, which is corroborated by the history of Physics up to now, is perhaps the greatest
enigma of all Science.

There are three possible origins for the randomness, which we mentioned above, ob-
served in the measurement of an observable in a physical system, origins that can occur
simultaneously: it can stem from experimental measurement errors, it can stem from an
incomplete knowledge of the system studied, or it can be intrinsic to the described system,
a fact first identified in Atomic Physics.

Normally, in the elaboration of physical theories, the ideal situation is considered,
in which experimental inaccuracies are neglected. However, the other two sources of
randomness remain, which then must be duly considered in the theoretical framework.
Later we will remember how this is done in some cases.

The fact we want to emphasise is that physical theories must be able to associate
with each physical state of a system and with each observable a probability distribution
that describes a succession of measurements of that observable in that state. Note that
this does not exclude deterministic theories, such as Classical Mechanics, since determin-
istic situations can also be described by probability distributions, such as Dirac delta
probability measures.

In the statistical analysis of the results of measurements of an observable A of a
physical system in a given state, several quantities play a role. One of them is the so-
called average value of the measurements of A in this distribution, that is, its expectation
or expected value, which will be denoted here by ⟨A⟩E . Other relevant quantities are
the momenta ⟨An⟩E , n ∈ N. It is a well-known mathematical fact (a consequence,
incidentally, of Weierstrass’s Theorem. See the discussion on the “Hamburger moment
problem” in [3]) that if C(A) is a compact set, then the probability measure µE,A can be
recovered from the set of momenta ⟨An⟩E , n ∈ N.3

2Galileo di Vincenzo Bonaiuti de Galilei (1564–1642): “The book of nature cannot be read until we
learn its language and become familiar with the symbols in which it is written. And it is written in
mathematical language, and its letters are triangles, circles, and other geometric figures, without which
it is humanly impossible to understand a single word and there is only a wandering lost in a dark
labyrinth.” Il Saggiatore, 1623.

3Hence the importance of considering observables A that are bounded, that is, for which C(A) is
compact. As we will discuss, in Quantum Physics C(A) is identified with σ(A), the spectrum of a
selfadjoint operator A. σ(A) is compact (closed and bounded) if A is a selfadjoint and bounded operator.
In the so-called algebraic formulation of Quantum Field Theories, the entire treatment is done considering
observables that are selfadjoint and bounded operators, in Hilbert spaces or algebras. See [4] or [5].
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Another important stochastic quantity is the so-called variance, defined by

VarE(A) :=


A2
�
E
−


A
�2
E

=
D

A− ⟨A⟩E
�2E

E
≥ 0 , (2.1)

which provides a qualitative indication of how much the values of the A measurements
deviate from their average value. The quantity

∆E(A) :=
p

VarE(A) (2.2)

is called standard deviation of the observable A in the state E. It provides a qualitative
indication of how much the values of the A measurements deviate from their average
value.

Although not the only stochastic quantity that provides this type of qualitative infor-
mation, the variance is a useful quantity. As we will see, the famous Uncertainty Relations
of Heisenberg in Quantum Mechanics can be expressed as statements about the variance
of two non-commuting observables (for example, momentum and position in the same
Cartesian direction: Var(px) Var(x) ≥ ℏ2/4).

The correlation, or covariance, between two observables A and B, with respect to a
state E, is defined by

CovE(A, B) :=
D

A− ⟨A⟩E
�
B − ⟨B⟩E

�E
E

(2.3)

and one has, as one easily sees,

CovE(A, B) =


AB

�
E
− ⟨A⟩E⟨B⟩E .

In words, CovE(A, B) “measures” how much the average deviation of A from its average
value ⟨A⟩E is statistically related to the average deviation of B from its average value
⟨B⟩E . If A and B are stochastically independent, then CovE(A, B) = 0. The converse
is not generally true.

It is also relevant to note that, by definition,

VarE(A) = CovE(A, A) .

In Probability Theory, the expected value (or “expectation”) of a measurable function
(“random variable”) A defined on a sample space Ω and its variance with respect to a
probability measure µ on Ω are given by

�µ(A) ≡ ⟨A⟩µ :=

Z

Ω

Adµ ,

Varµ(A) :=

Z

Ω


A− ⟨A⟩µ

�2
dµ = �µ


A2
�
− �µ


A
�2

,

respectively. The correlation, or covariance, of two random variables A and B defined in
a sample space Ω, in relation to a probability measure µ in Ω is given by

CovE(A, B) =

Z

Ω

�
A− ⟨A⟩µ

�
B − ⟨B⟩µ

��
dµ

=

Z

Ω

AB dµ−
�Z

Ω

A dµ

��Z

Ω

B dµ

�
= �µ


AB

�
− �µ


A
�
�µ


B
�
.
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Variance and pure states

In probability theory, a probability measure µ in a sample space is said to be pure if
it cannot be written as a convex linear combination of two other distinct probability
measures of µ from the same sample space, that is, if it cannot be written in the form
µ = αµ1 + (1 − α)µ2 where µ1 and µ2 are also distinct probability measures of µ and
0 < α < 1. It is an easy exercise to show that if µ = αµ1 + (1 − α)µ2, then

⟨A⟩µ = α⟨A⟩µ1
+ (1 − α)⟨A⟩µ2

and

Varµ(A) = αVarµ1
(A) + (1 − α)Varµ2

(A) + α(1 − α)
h
⟨A⟩µ1

− ⟨A⟩µ2

i2
.

From this, we conclude

Varµ(A) ≥ αVarµ1
(A) + (1 − α)Varµ2

(A) ≥ min
�

Varµ1
(A) ,Varµ2

(A)
	
.

Thus, the variance Varµ(A) in the non-pure measure µ is always greater than or equal to
the smaller of the two variances Varµ1

(A) or Varµ2
(A). We understand, therefore, that

if we restrict the measures µ to a certain set of measures M on the sample space, then
the smallest possible values of the variances Varµ(A) of a fixed function A are achieved
when µ is found in the subset of the pure probability measures of M. In this sense,
the pure probability measures represent those with the smallest possible deviation of the
magnitude represented by A from its mean value.

We say that a physical system is in a pure state for a given observable A if µE,A is
pure. Thus, the pure states of a physical system represent those states with the smallest
fluctuations of the observable quantity A. We understand, therefore, that determining
which are the pure states of a physical system and what are the variances of observables
in these pure states provide important information about the smallest possible fluctu-
ations that can be observed in that system. This is important information about the
degree of intrinsic randomness (i.e., not resulting from experimental errors or incomplete
knowledge) of the underlying physical theory that describes the system in question.

As we will discuss later, another reason for the importance of pure states lies in the
fact that in both Classical Mechanics and Quantum Mechanics it can be stated that the
knowledge of the expected values of an observable in all pure states of a system uniquely
determines that observable.

2.4 The Case of Classical Mechanics

In Classical Mechanics, all basic experimental measurement processes involve measure-
ments of position and velocity, which can be performed simultaneously and independently,
so that, in principle, any functions involving the coordinates and momenta of a system
are observable physical quantities. It is possible to create new observables by performing
simple algebraic operations with other observables, such as linear combinations, products,
etc. It is, therefore, convenient to consider the algebra of all functions defined in the phase
space � of the system considered as constituting the collection of all observable physical
quantities of that system. Since the result of a physical measurement is always a real
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number, the observable physical quantities must be functions of the phase space � in real
numbers �. For technical reasons it is convenient to take only the algebra of functions
defined in the phase space that are measurable with respect to the measure of Liouville4

dqdp, thus avoiding mathematical pathologies.
An important characteristic of classical systems is the possibility of simultaneous and

independent measurement of any distinct observables. This characteristic is called the
compatibility of observables. A consequence of the compatibility of classical observables,
which ended up implicitly embedded in the observations above, is that they form a com-
mutative algebra.

Given an observable thus abstractly defined as a function f(q, p), we can ask ourselves
what values we will obtain when making a measurement of this observable at a certain
instant in time? The answer is somewhat disappointingly obvious: if the coordinates of
the system considered are at that instant in time q0 and its moment p0, then the measured
value of f will be f(q0, p0). The collection C(f) of all possible results of measurements of
f is, therefore, the image of f as a function of � in �.

In Classical Mechanics, physical states are described by probability distributions in
phase space, such that average values of an observable f are given by

⟨f⟩ =

Z

�

f(q, p) ρ(q, p) dqdp , (2.4)

with ρ(q, p) ≥ 0 e
R
�
ρ(q, p) dqdp = 1. In this sense, we can identify the function

(or measure) ρ with the state of the system itself, since from it we uniquely obtain
the probability distributions on the sets C(f), which we identify with the image of the
functions f : �→ �.

Dirac delta measures ρq0, p0
(q, p) = δ(q − q0)δ(p− p0) with

⟨f⟩q0, p0 =

Z

�

f(q, p)ρq0, p0
(q, p) dqdp = f(q0, p0)

represent pure states of the system being treated and can be interpreted as states with
maximal information. For states like ρq0, p0

(q, p) = δ(q − q0)δ(p− p0) we have certainty
regarding the positions and momenta of the system’s constituents and the variance of the
distribution of f is zero, as are the other fluctuations, because

Varq0, p0(f) = ⟨f2⟩q0, p0 − ⟨f⟩2q0, p0
= f(q0, p0)2 − f(q0, p0)2 = 0 .

In such states, measurements of the observable f provide one and only one value, namely,
f(q0, p0). No randomness occurs, therefore, in the measurement of any observables when
the system is in a pure classical state. The belief that it is always possible to fix all the
parameters of a system in order to completely fix its state and eliminate all randomness
in measurements of observables is sometimes called “realism”. Classical Mechanics, as
well as all Classical Physics in general, is in this sense realistic. This characteristic is not
found in Quantum Physics, where pure states can produce non-zero variances.

In Classical Mechanics, not only pure states are of interest. In Classical Statistical
Mechanics, for example, one can consider states with distributions of the type

ρ(q, p) =
1

V (E)
δ

H(q, p) − E

�
(2.5)

4Joseph Liouville (1809–1882).
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in the so-called microcanonical ensemble with energy E , where H(q, p) is the Hamiltonian
of the system and V (E) is the normalisation constant V (E) =

R
�
δ(H(q, p) − E) dqdp

(assumed finite). In the so-called canonical ensemble the so-called Gibbs state5 is adopted:

ρ(q, p) =
1

Z(β)
e−βH(q, p) , (2.6)

with the normalisation constant Z(β) =
R
�
e−βH(q, p) dqdp assumed finite, β being the

inverse of the temperature.
The dynamics of observables in a classical mechanical system is defined by the Hamil-

tonian flux in phase space, which is characterised by Hamilton’s6 equations:

q̇ = ∂pH(q, p) , ṗ = −∂qH(q, p) ,

where the Hamiltonian H is a differentiable function defined in phase space and satis-
fying suitable conditions to guarantee uniqueness and the existence of solutions (prefer-
ably global) for the above equations from initial conditions q(0) and p(0). If qt and pt
are solutions of Hamilton’s equations, the evolution of an observable f is expressed by
ft(q, p):=f(qt, pt). Thus, by (2.4),

⟨f⟩t := ⟨ft⟩ =

Z

�

f(qt, pt) ρ(q, p) dqdp =

Z

�

f(q, p) ρ(q−t, p−t) dq−tdp−t .

Since the Liouville measure dqdp is invariant under a Hamiltonian flow (Liouville’s The-
orem), we conclude that ⟨f⟩t =

R
�
f(q, p)ρt(q, p) dqdp, where ρt(q, p) := ρ(q−t, p−t)

represents the temporal evolution of the state described by ρ. This relation teaches us
how the evolution of observables in Classical Mechanics is reflected in the evolution of
states.

By (2.5) and (2.6), it is evident that the measurements of the microcanonical and
canonical ensembles are invariant under temporal evolution (a requirement for them to
describe equilibrium states), since H(qt, pt) = H(q, p) for all t.

2.5 The Framework of Quantum Physics and the Rel-
evance of the Spectral Theorem

If ψ ∈ H is a non-zero vector in a Hilbert7 space H and g : Bl(σ(A)) → � is a bounded
Borelian function defined on the spectrum of a selfadjoint and bounded operator A, we
know from the Spectral Theorem (see [6, 7]) that an expression line ⟨ψ, g(A)ψ⟩ can be
represented as an integral over the spectrum of A:

⟨ψ, g(A)ψ⟩ =

Z

σ(A)

g dµψ, A ,

where σ(A) is the spectrum of A, which is a closed and bounded set of A. The measure
µψ, A is a positive measure in σ(A) and if ∥ψ∥ = 1 we also know that

Z

σ(A)

dµψ, A = 1 .

5Josiah Willard Gibbs (1839–1903).
6Sir William Rowan Hamilton (1805-1865)
7David Hilbert (1862–1943).
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These two facts tell us that µψ, A is a probability measure in σ(A). This simple mathe-
matical fact has a significant consequence in the context of Quantum Physics, which is
at the root of its axiomatisation and formalisation in terms of Hilbert spaces and oper-
ators acting on Hilbert spaces. To better understand this fact, let’s make some general
considerations.

The Quantum Physics Framework

In Quantum Physics, it is no longer true that experimental measurement processes involve
measurements of position and velocity, since these cannot be done independently and
simultaneously. The compatibility property of some observables is therefore lost. As is
well known, the historical development of Quantum Mechanics led to the proposition that
observables must be represented by selfadjoint operators acting in a Hilbert space. One of
the adopted postulates states that individual measurements of an observable represented
by an operator A must be elements of the spectrum of that operator.

According to the postulates of Quantum Mechanics, the physical states of the quantum
system with a finite number of degrees of freedom (i.e., describing a finite number of
particles) are described by “density matrices”8 positive selfadjoint operators ρ acting on
a Hilbert space H with Tr (ρ) = 1 such that the average value of an ideally infinite set of
measurements of the observable A in the state described by ρ are given by ⟨A⟩ρ = Tr (ρA).

The choice of selfadjoint operators for the role of observables is motivated by two
properties: first, the spectrum of a selfadjoint operator is a subset of the real line, a
fact consistent with the postulate that states that individual measurements of an ob-
servable must be elements of the spectrum of the associated operator. According to the
spectral theorem, selfadjoint operators can be represented by sums (or integrals) like
A =

P
λ∈σ(A) λPλ. Here we assumed for simplicity that A has a discrete spectrum σ(A)

of eigenvalues, in which case Pλ designates the projector onto the subspace of eigenvectors
of A with eigenvalue λ.

The importance of the Spectral Theorem in the formalisation of quantum theories is
enormous, since it is through it that we can obtain the probability distributions associated
with measurements of an observable A in a given state. In fact, by the above prescription
and by the Spectral Theorem, we have:

⟨A⟩ = Tr (ρA) =
X

λ∈σ(A)

λ pλ , (2.7)

where pλ = Tr (ρPλ). Now, it is clear that pλ ≥ 0 and

X

λ∈σ(A)

pλ = Tr


ρ

X

λ∈σ(A)

Pλ


 = Tr (ρ) = 1 .

These two facts together with (2.7) lead to the interpretation that pλ represents the
probability measure in σ(A) that describes distributions of measures of the observable
values A in the state described by ρ. In this sense, we can identify ρ with the state of the

8It should be mentioned that a good part of the mathematical interpretation of Quantum Physics that
we will present in a summarised way below originates from the contributions of von Neumann. János
Neumann (1903-1957) also adopted the names Johann von Neumann and John von Neumann.
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system itself, since from it we uniquely obtain the probability distributions on the sets
C(A), which we identify with the spectra σ(A) of the selfadjoint operators A.

The observations above show that the usual interpretation of observables in Quantum
Physics in terms of selfadjoint operators acting on Hilbert spaces is consistent with the ba-
sic purpose of describing experimental measurements of observables and their probability
distributions.

We comment in passing that the scheme above can be further generalised and ab-
stracted in the following sense: the algebras of observables of quantum systems can be
taken as abstract C∗-algebras and the physical states correspond to states on these al-
gebras, that is, positive and normalised linear functionals. In this context, it is equally
possible to recover the probabilistic description that we outlined above. The great ad-
vantage of this description manifests itself in the treatment of quantum systems with an
infinite number of degrees of freedom, as in Quantum Statistical Mechanics and Quantum
Field Theory. Because it is independent of a underlying Hilbert spaces, the description of
observables in terms of algebras allows us to describe certain phenomena typically found
in systems with an infinite number of degrees of freedom, such as super-selection rules
and phase transitions. For applications in Physics, we refer to the references [4, 5, 8].

The temporal evolution of observables in a system with a finite number of degrees of
freedom is characterised by a strongly continuous unitary representation of the additive
group � (representing the symmetry of temporal evolution, for time-independent systems):
� ∋ t 7→ U(t), where U(0) = �, U(t)U(t′) = U(t+ t′) and U(t)−1 = U(t)∗ for all t, t′ ∈ �.
If A is an observable, its evolution will be given by At:=U(t)AU(t)∗. Thus, ⟨A⟩t:=⟨At⟩ =
Tr (ρAt) = Tr (ρU(t)AU(t)∗) and, by the cyclic property of the trace, we obtain ⟨A⟩t =
Tr (ρtA) where ρt:=U(t)∗ρU(t). This expression shows how the evolution of observables is
reflected in the evolution of states. The fact that the evolution U(t) is strongly continuous
guarantees, by Stone’s Theorem (see [6]), that there exists a selfadjoint operator (not
necessarily bounded) H such that U(t) = e−iHt/ℏ for all t ∈ �. With this we can
(except for technicalities related to domains) transform by differentiation the relation
At:=U(t)AU(t)∗ into the Heisenberg equation: iℏ∂tAt = [H, At]. For the states we will
have, analogously, iℏ∂tρt = −[H, ρt].

In Quantum Physics, the question of the compatibility of two observables is directly
linked to the commutativity of the associated operators: two observables can only be
measured simultaneously if the corresponding operators commute with each other. This
question is particularly important in relativistic quantum field theories, where the so-
called Einstein locality principle must be respected.

This principle, one of the most central in all of Physics, states that events separated
by space-like intervals cannot be causally related. This principle must be translated into
relativistic quantum field theories by the imposition that observables associated with
points or regions separated by space-like intervals must commute with each other. The
consequences of this imposition on the structure of relativistic quantum field theories are
enormous, but it is not our place to discuss all its consequences here (see, for example,
[4, 5]). Returning to (2.7), pure states of quantum systems described in a Hilbert space
H correspond to the situation in which ρ is a projector onto a one-dimensional subspace
of H : ρ = Pψ, that is, in Dirac notation ρ = |ψ⟩⟨ψ|, where ψ ∈ H is a normalised vector
∥ψ∥ = 1. Thus, for a pure state with ρ = Pψ and ∥ψ∥ = 1 we will have ⟨A⟩ψ = ⟨ψ, Aψ⟩.

The equivalent of the Gibbs state (2.6) at the inverse temperature β for a quantum
system with a finite number of particles is ρβ = e−βH/Tr


e−βH

�
, if the Hamiltonian
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operator is such that Tr

e−βH

�
< ∞ (which is typically the case if the system is restricted

to a finite spatial volume). Such operators ρβ commute with H and are, therefore,
invariant under time evolution, as desired for equilibrium states.

An important fact is that pure states can exhibit non-zero variance for mean values
of measurements of certain observables, what does not occur in Classical Mechanics:

⟨A2⟩ψ − ⟨A⟩2ψ =


ψ, A2ψ

�
−


ψ, Aψ

�2 ̸= 0 ,

unless ψ is an eigenvector of A. In fact, for selfadjoint A and ∥ψ∥ = 1, one has



ψ, A2ψ

�
−


ψ, Aψ

�2
=

�
ψ,

h
A−



ψ, Aψ

�
�

i2
ψ

�
=





h
A−



ψ, Aψ

�
�

i
ψ




2

,

showing that ⟨A2⟩ψ − ⟨A⟩2ψ = 0 if and only if
�
A−



ψ, Aψ

�
�
�
ψ = 0, that is, if and only

if Aψ = λψ with λ =


ψ, Aψ

�
.

2.6 An Overview of the Mathematical Formulation of
Quantum Field Theories

Relativistic Quantum Field Theory was born almost simultaneously with Quantum Me-
chanics, with the first important works emerging in the 1930s (for a historical overview
of the first developments, see, e.g., [9]). Its first applications were in the field of Atomic
Physics, in the study of the spectrum of atoms under the action of electromagnetic radi-
ation, but from early on it revealed itself as the fundamental theory for the description of
the then nascent Elementary Particle Physics, its main area to this day, and which places
it, along with the Theory of General Relativity, among the most fundamental physical
theories.

In simplified terms, three ingredients comprise Relativistic Quantum Field Theories:
the quantum nature of observables and states, relativistic covariance (through Poincaré
transformations), and, not dissociated from the latter, the idea that observations and
influences separated by space-like intervals do not influence each other, regardless of the
particular states considered, and should therefore be described by commuting operators
belonging to an appropriate algebra of observables. This fundamental principle is often
referred to as Einstein’s causality.

Quantum theories of relativistic fields, particularly the so-called Quantum Electro-
dynamics (QED), have developed rapidly and spectacularly, becoming one of the most
accurate physical theories in its experimental predictions. However, from very early on,
voices of dissatisfaction arose regarding its conceptual and mathematical foundations and
the recipe-like nature of some of its inference methods.

Among the problems pointed out, we list:

� The formulation centred on perturbation theory, sometimes obscuring the under-
lying conceptual foundations. One must say, however, that perturbation theory
played a very important historical role in the development of Particle Physics, spe-
cially due to its heuristic power in the discovery of “true” physical models from
experimental data.
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� The need for regularisation/renormalisation and its consequent mathematical diffi-
culties.

� Problems with the convergence of perturbative series, even after the renormalisation
process. In many important cases, perturbative series in a coupling constant g
apparently behave as

P∞
n=0 cn g

n with the coefficients cn increasing as cn ≈ n! for
n ∈ N “large”, which leads to a series with zero radius of convergence. It should
be noticed that there is only one mathematically complete demonstration of this
behaviour (for scalar field models in two dimensions. See [10]), but the general belief
(based, for example, on counting Feynman diagrams) is that this behaviour is the
same in physically more realistic models in any dimension, like the QED. In fact,
no interactive QFT models are known for which the convergence of the perturbative
series has been demonstrated9.

� Fundamental problems concerning the nature of Quantum Field Theories: what
objects do they describe? Do they describe particles? How to deal with super-
selection sectors?

� Problems with the mathematical justification of the so-called Feynman Functional
Integration in Minkowski spacetime (and in other locally or globally hyperbolic
spacetimes), an instrument frequently employed, especially in the construction of
models of interest to Elementary Particle Physics and in didactic texts.

� Problems with defining models beyond the limits of perturbation theory.

Faced with these questions, essentially two mathematical formulations of Quantum
Field Theories emerged: the Wightman formulation, also known as Axiomatic Field The-
ory (a rather inappropriate name, since Physics is an empirical science, not an axiomatic
one), where Quantum Field Theories in the vacuum sector are formulated in terms of
certain distributions, the so-called Wightman distributions, and the Algebraic Formula-
tion of Quantum Field Theories, also known as Local Quantum Field Theory, formulated
by several authors, such as Haag, Kastler, Araki and others (see, e.g., [4, 5, 12]), which
formulates Quantum Field Theories in the language of C∗ algebras and von Neumann al-
gebras, being in several aspects more general than the other formulation, better suited to
the treatment of super-selection sectors and the formulation of QFT in curved spacetimes.

The main ingredient of Wightman theories is a family of tempered distributions
Wn(x1, . . . , xn) in �dn, for all n ∈ N, d being the space-time dimension, to be inter-
preted as vacuum expectation values of products of scalar fields together with some addi-
tional assumptions about positivity, Poincaré covariance, Einstein causality, etc. Einstein
causality, for instance, means in this context (bosonic case): W2(x1, x2) = W2(x2, x1)
etc, for space-like separated points. Wightman’s reconstruction theorem [13] allows the
construction of a Hilbert space of physical states H provided with a singled normalised
vector Ω representing the vacuum state, invariant under the Poincaré group. It also allows
the association of a quantum field Φ through the linear map

f 7−→ Φ(f) ≡
Z

f(x)Φ(x) dx

9It should be noticed that the existence of divergent perturbative series is not exclusive to Quantum
Field Theories, as it happens, in certain special cases, in Classical Mechanics and in Quantum Mechanics,
as in the computation of the energy of the ground state of the anharmonic oscillator [11].
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as an (unbounded) operator acting on H (operator valued distributions). The function
f is taken as a function in Schwartz space. The Wightman distributions can be expressed
as vacuum expectations as Wn(x1, . . . , xn) =



Ω, Φ(x1) · · ·Φ(xn)Ω

�
. Einstein causality

implies Φ(f)Φ(g) = Φ(g)Φ(f) if supp (f) and supp (g) are space-like. The Poincaré group
is implemented in the Hilbert space by unitary transformations.

The most important results of Wightman’s formulation are:

� PCT Theorem [14, 15].

� Spin and Statistics Theorem [15].

� Reeh-Schlieder Theorem [4, 5, 16].

� Bisognano-Wichmann Theorem [4, 17].

� Haag-Ruelle scattering theory [18–20].

� LSZ reduction formulas [21–26].

Wightman’s formulation opened the possibility for constructing Quantum Field theoreti-
cal models satisfying all required postulates by means of Euclidean methods based ON the
Feynman-Kac path integral formulation. See, e.g., [27, 28]. It has, though, some short-
comings: a limited treatment of super-selection sectors, a limited treatment of mixed
states, a limited treatment of thermal states and a limited treatment of gauge fields.

2.6.1 The Algebraic Formulation of Quantum Fields

As mentioned above, the Algebraic Formulation of Quantum Fields (AQFT) started with
works of Rudolf Haag, Daniel Kastler and Huzihiro Araki, but many other names should
be added, as Sergio Doplicher, John Roberts, Bert Schroer, Detlev Buchholz and Klaus
Fredenhagen. In order to present the main ideas of AQFT we have to briefly describe
some algebraic notions, that of C∗-algebras and of von Neumann algebras.

C∗ and von Neumann-algebras. What are they and why they are useful for
Physics

In mathematical terms, a C∗-algebra is a normed, complete, associative algebra over �
with an antilinear involution A 7→ A∗, such that

� ∥AB∥ ≤ ∥A∥ ∥B∥,

� ∥A∗∥ = ∥A∥,

� ∥A∗A∥ = ∥A∥2,

for all A, B elements of the algebra. There are many examples of C∗-algebras, the most
basic ones is the algebra B(H ) of bounded (i.e., continuous) operators acting on a Hilbert
space H (see [6, 7, 29]).

Examples of C∗-algebra are:

� B(H ), the algebra of bounded operators acting on a Hilbert space H ,

� The algebra of compact operators acting on Hilbert spaces,
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� CAR and CCR algebras,

� AF-algebras,

� Cuntz algebras and Cuntz-Krieger algebras,

and many more. For a more complete account of the theory of C∗-algebras, see, e.g.,
[8, 29–32].

A C∗-algebra may or may not have a unit �. In most physical applications we always
assume there is one. If A is a C∗-algebra with unit, we say that λ ∈ � is an element of
the spectrum of A if the inverse (λ�−A)−1 does not exist in A. The spectrum of A ∈ A
is denoted by σ(A). The spectrum σ(A) is always closed and bounded and σ(A) ⊂ � if
A is selfadjoint. For A selfadjoint one has

σ(A) ⊂
�
− ∥A∥, ∥A∥

�
.

C∗-algebras are abstract algebras and do not necessarily act on vector spaces. How-
ever, they can be represented as operator algebras acting on Hilbert spaces.

Moreover, C∗-algebras also admit a probabilistic interpretation for expectation values.
To understand that we have to introduce the important notion of state.

A state ω on a C∗-algebra A is a map ω : A → � that is

� linear: ω(αA + βB) = αω(A) + βω(B),

� positive: ω(A∗A) ≥ 0,

� normalised: ω(�) = 1.

It follows that

� ω(A∗) = ω(A),

� ω is continuous: if ∥An −A∥ n→∞−→ 0, then lim
n→∞

ω(An) = ω(A),

� For each selfadjoint A ∈ A there is a probability measure µA,ω on σ(A) such that

ω(A) =

Z

σ(A)

λ dµA,ω(λ) .

Hence, states can be interpreted as expectation values.

The following result is quite important, since it says that C∗-algebras can be repre-
sented in Hilbert spaces, provided a state in singled out on it. This result is known as
the GNS construction or GNS representation, due to its original discoveres Gelfand10,
Naimark11 e Segal12.
Theorem [GNS Representation] Let ω be a state of an algebra C∗ which we will denote
by A. It is possible to construct a Hilbert space Hω and a representation πω of A by
bounded operators acting on Hω such that

πω(A∗) = πω(A)∗

10Israil Moiseevic Gelfand (1913–2009).
11Mark Aronovich Naimark (or Neumark) (1909–1978).
12Irving Ezra Segal (1918–1998).
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for all A ∈ A (a representation with this property is said to be a ∗-representation).
Furthermore, if the algebra A has a unit, then there exists in Hω a vector Ω with the
property that

ω(A) = ⟨Ω, πω(A)Ω⟩Hω
.

This vector Ω is a cyclic vector for the representation πω, that is, {πω(A)Ω, A ∈ A} is a
dense set in Hω. 2

By a representation of the algebra one means a map πω from A into the bounded
linear operators acting on Hω such that

πω


αA + βB

�
= απω(A) + βπω(B) and πω(AB) = πω(A)πω(B) ,

for all A, B ∈ A and for all α, β ∈ �.
For the sake of the reader we provide a simplified proof of the statement above (see also,

e.g., [7, 29]). Consider A as a vector space and identify Ω ≡ �. Define πω(A)Ω:=A� = A.
For two vectors A, B ∈ A, define a scalar product13 ⟨A, B⟩ω:=ω(A∗B), that means

⟨πω(A)Ω, πω(B)Ω⟩ω = ω(A∗B) .

Taking A = �, this is particular says that

⟨Ω, πω(B)Ω⟩ω = ω(B) .

By these definitions, one has


πω(A)Ω



2 = ω(A∗A). Now, complete the set
�
πω(A)Ω, A ∈

A
	

in this norm, producing a Hilbert space Hω.

By definition,
�
πω(A)Ω, A ∈ A

	
is a dense set in Hω. Moreover,



πω(A)πω(B)Ω


2
ω

=


πω(A)πω(B)Ω, πω(A)πω(B)Ω

�
ω

= ω

B∗A∗AB

�

≤ ∥A∗A∥ ω

B∗B

�
= ∥A∗A∥



πω(B)Ω


2
ω
,

and, therefore
∥πω(A)∥2 ≤ ∥A∗A∥ = ∥A∥2 ,

showing that πω(A) are bounded operators acting on Hω. Finally, for A, B, C ∈ A one
has

πω(A)πω(B)πω(C)Ω = ABC� = πω(AB)πω(C)Ω

and, hence, πω(A)πω(B) = πω(AB), since
�
πω(C)Ω, C ∈ A

	
is a dense set in Hω.

A remarkable fact about the GNS construction is that the purity of the state ω
reflects on algebraic properties of the representation πω, namely if ω is a pure state,
πω is irreducible [1, 29]. What happens if ω is not a pure state? Take, for instance,
ω = λω1 + (1 − λ)ω2, with ω1 and ω2 pure. Then, πω(A) has the form of a direct sum

πω(A) =

�
πω1(A) 0

0 πω2
(A)

�
,

that means πω = πω1
⊕ πω2

and Hω also splits into two orthogonal subspaces where πω1

and πω2 act irreducibly.

13In many cases this is just a bilinear form, but it can be restricted to a scalar product by taking
quocients.
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There is a very beautiful interpretation of these facts: if ω is not pure, the decomposi-
tion into a direct sum πω = πω1⊕πω2 indicates that π describes a system decomposed into
independent subsystems, reflecting the fact that ω is composed by a statistical mixture
of independent states.

We now turn to the notion of von Neumann algebras. Let A be a C∗-subalgebra of
some B(H ). We denote by A′ the commutant of A:

A′ :=
n
B ∈ B(H )

��BA = AB for all A ∈ A
o
.

By definition, one has
A ⊂ A′′ .

A C∗-subalgebra N of some B(H ) is say to be a von Neumann algebra if

N = N ′′ .

Equivalently (by von Neumann’s bicommutant theorem, see, e.g., [7, 29]), N is a von
Neumann algebra if it is weakly closed: if for any sequence An ∈ N one has

lim
n→∞

⟨ψ, Anϕ⟩ = ⟨ψ, Aϕ⟩

for all ψ, ϕ ∈ H , then A ∈ N .
Von Neumann algebras are C∗-algebra that are realised as concrete algebras of bounded

operators acting in some concrete Hilbert space.

The Algebraic Formulation of QFT

In Minkowski space-time, the Algebraic Formulation of QFT is based on the Haag14-
Kastler15 postulates [4, 5, 12]. The main ingredient of this formulation is a net of von
Neumann algebras acting on a common Hilbert space H , that means, an association
O → A(O) that assigns to every open subset O of Minkowski space with compact closure
a von Neumann algebra A(O) under some additional requirements:

� Isotony: A(O1) ⊂ A(O2) if O1 ⊂ O2. This allows to define the C∗-algebra

A :=
[

O
A(O)

as an inductive limit.

� Einstein causality:
A(O1) ⊂ A(O2)′

if O1 and O2 are space-like. Here A(O2)′ denotes the commutant of A(O2): the
set of all bounded operators acting on H that commute with all the elements of
A(O2).

This property is compatible with the choice of the algebras A(O) as von Neumann
algebras.

14Rudolf Haag (1922–2016).
15Daniel Kastler (1926–2015).
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� Poincaré covariance: for g in the Poincaré group

A(gO) = U(g)∗A(O)U(g) ,

U(g) unitary.

� Spectrum condition: the joint spectrum of the generators of translations is contained
in the closed forward light cone.

� Vacuum vector: existence of vector Ω ∈ H that is cyclic, Poincaré-invariant and
normalised.

The algebras A(O) are to be interpreted as algebras of observables associated to a
quantum field model. The requirements above correspond to a minimal set of assump-
tions, all physically grounded, that should be found in any relativistic Quantum Field
Theory model in Minkowski space-time. Generalisations to more general curved space-
times can be presented [33], but will not be considered here.

The postulates above are the begining of a fully developed research field dealing with
the foundations of quantum field theories and the reader can find in [4, 5] excellent starting
points for an additional study. We shall limit ourselves to comment on some remarkable
results with striking consequences.

Reeh-Schlieder Theorem and Bisognano-Wichmann Theorem

We start with some basic notions. For a Haag-Kastler net as described above, as before,
the inductive limit of C∗-algebras

A :=
[

O
A(O) ,

where the union is taken over all open sets O in Minkowski space-times with compact
closure. We say that weak additivity holds for a state φ on A if

πφ


A
�′′

=

 [

x∈�
πφ

�
A

O + x

��
!′′

.

Let N be a von Neumann algebra acting on a Hilbert space H . A vector Ω ∈ H is
said to be

� cyclic for N if the set of vectors {AΩ, A ∈ N} is dense in H .

� separating for N if AΩ = 0 for some A ∈ N only if A = 0.

This means that Ω has no annihilators in N .

Then we have the following
Theorem. Reeh-Schlieder Theorem [16]: Assume weak additivity for the vacuum state
ω. Then, the vacuum vector Ω obtained from the GNS construction from ω is

� a cyclic vector for πω


A(D)

�
for any open domain D.
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� a cyclic and separating vector for πω


A(D)

�
for any open domain D with D′ ̸= ∅,

where D′ stands for the set of all points in Minkowski space-times that are space-like
with respect to all points of D. 2

A proof of this theorem in the algebraic setting can be found for instance in [5].
This a remarkable result, among other things, because it claims (due to cyclicity) that

all states in the Hilbert space can be approximated by acting on the vacuum vector with
local observables contained in any domain D, a quite counter-intuitive result!

This results has some resemblance with a well-known result from Functional Analysis,
Wiener’s16 Theorem in L2(�, dx) [7, 34], that claims that for any finite interval I ≡
(a, b) ⊂ � the set of all translates of a Gaussian by elements of I is a total set, i.e., a set
whose orthogonal complement in L2(�, dx) consists on the zero vector only.

Another remarkable fact about Reeh-Schlieder’s Theorem is that it is is closely related
with a well established theorem from the theory of von Neumann algebras, the Tomita-
Takesaki Theorem (see, e.g., [29]).
Theorem.Tomita-Takesaki Theorem. Let N be a von Neumann algebra and Ω be a
cyclic and separating vector for N . Then,

� There is a antilinear operator J such that

JNJ = N ′

and with J2 = �.

� These is a positive and selfadjoint operator ∆ such that

∆itN∆−it = N
for all t ∈ �.

� Ω is a KMS state (a temperature state) with β = 1/2 for the dynamics defined in
N by ∆it, t ∈ �. 2

A proof of this theorem can be found for instance in [29, 32].
As we see, the claims of the Reeh-Schlieder Theorem are the hypotheses of the Tomita-

Takesaki Theorem. Therefore, applications to Quantum Field Theory are immediate.
This was first pointed out in a celebrated article by Bisognano and Wichmann [17],
later extended by Geoffrey Sewell [35], showing, among other things, that an observer
in constant acceleration in Minkowski space-times “sees” the vacuum as a temperature
state, an effect also known as the Unruh effect, a similar effect to Hawking’s radiation
and Hawking’s temperature in Black Hole Physics. The original treatments of Unruh and
Hawking, though, where perturbative and semiclassical, but Bisognano and Wichmann’s
Theorem is general and of an structural nature, thus showing the power of the algebraic
treatment of Quantum Field Theories.

2.7 Uncertainty Relations

In this section we will discuss inequalities that reveal notable distinctions between Quan-
tum Physics and Classical Physics. They represent an important contribution of the
operatorial formalism to some fundamental questions.

16Norbert Wiener (1894–1964).
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As we will see, one of the basic reason behind the distinction between the Quantum
Physics and Classical Physics lies in the non-commutative nature of the algebra of observ-
ables in Quantum Physics, a fact that manifests itself, for example, with the operators
of momentum and position (in one dimension), for which we have Heisenberg’s canonical
commutation relation [p, x] = −iℏ (in the one-dimensional case).

Here we will present Heisenberg’s uncertainty relations and an improvement on these,
Schrödinger’s17 uncertainty relations. It is noteworthy that most quantum mechanics
textbooks focus on the treatment of Heisenberg relations and ignore Schrödinger relations
(a notable exception being [36]). However, Schrödinger relations have become important
in recent decades, especially in the context of quantum optics and the study of so-called
squeezed states.

In our presentation, we will first address the case of observables described by bounded
operators, and then the mathematically more elaborate case of observables described by
unbounded operators acting in a Hilbert space.

We note, in passing, that uncertainty relations such as Heisenberg’s below also exist
in the theory of Fourier Transforms, as presented in [7, 37].

Some Stochastic Definitions

In the description of quantum systems, following all our previous discussion, observables
will be selfadjoint elements of an algebra with unity A and expected values will be de-
scribed by states in this algebra, that is, by positive linear functionals (i.e., ω


A∗A

�
≥ 0

for all ∈ A) and normalised (i.e., ω(�) = 1). In the case of pure states, we can describe
them by vector states in a Hilbert space, where B(H ) is the algebra of the observables.

We will make repeated use of the Cauchy-Schwarz inequality, which in the present
algebraic context states that, for operators A and B and for a state ω, the following
holds: ��ω


A∗B

��� ≤
q
ω

A∗A

�
ω

B∗B

�
(2.8)

Detailed proofs of this relation can be found, for instance, in [7, 29].
Note that if A and B are selfadjoint operators, (2.8) says that

��ω

AB

��� ≤
q
ω

A2
�
ω

B2
�
. (2.9)

Let’s recall some of the definitions of stochastic quantities that we have already pre-
sented, adapted to the context of Quantum Physics. The average value of an observable
18 B in a state ω is given by

⟨B⟩ω := ω(B) . (2.10)

For example, if ω is a pure state associated with a ψ in a Hilbert space H (with ∥ψ∥H =
1) we have ⟨B⟩ω:=ω(B) =



ψ, Bψ

�
H

. If ω is described by a density matrix ρ (a
selfadjoint, positive operator with trace equal to 1), we will have ⟨B⟩ρ:=ω(B) = Tr(ρB).

17Erwin Rudolf Josef Alexander Schrödinger (1887–1961).
18In this section we will consider, unless explicitly stated otherwise, only observables described by

bounded operators acting in a Hilbert space. However, all relevant results also apply to unbounded
operators, provided that appropriate restrictions are made on the pure states considered to the domains
of these operators.
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The variance, or quadratic deviation, of the same observable in the same state is given
by

Varω(B) :=
D

B − ⟨B⟩ω
�2E

ω
=



B2
�
ω
−


B
�2
ω

= ω

B2
�
− ω(B)2 , (2.11)

and represents a measure of how much the measurements of the observable B deviated
from its average value in the state ω.

Another statistically significant quantity is the so-called covariance, or correlation,
between observables. If A and B are observables and ω is a state, the covariance of these
observables is defined by

Covω(A, B) :=
1

2
ω
�

A− ω(A)
�
B − ω(B)

�
+

B − ω(B)

�
A− ω(A)

��

=
1

2
ω

AB + BA

�
− ω(A)ω(B) . (2.12)

This definition is similar to that presented in (2.3) and takes into account the fact that
A and B do not necessarily commute. Since A and B are selfadjoint, 1

2 (AB +BA) is also
selfadjoint, and therefore, Covω(A, B) is real, but not necessarily positive. Covω(A, B)
measures how much A and B jointly deviate on average from their mean values. Note
also that

Varω(A) = Covω(A, A) . (2.13)

Another relevant point to note is the inequality

��Covω(A, B)
��2 ≤ Varω(A)Varω(B) . (2.14)

It is a simple consequence of the definition (2.12) and the Cauchy-Schwarz inequality:

���ω
�

A− ω(A)
�
B − ω(B)

�����
2

≤ ω
�

A− ω(A)
�2�

ω
�

B − ω(B)
�2�

= Varω(A)Varω(B) .

Remember that A and B are selfadjoint.
In the case of bounded operators, all the statistical notions above are perfectly well

defined. However, care must be taken when extending them to include the case of un-
bounded selfadjoint operators, a case of interest in many discussions about Quantum
Mechanics, for example, involving the uncertainty relations of position and momentum
operators. The case of unbounded operators will be studied in Section 2.7.3.

As an exercise, note that (2.14) means that

det

Σω(A, B)

�
≥ 0 , where Σω(A, B):=

�
Covω(A, A) Covω(A, B)
Covω(B, A) Covω(B, B)

�
(2.15)

is called the covariance matrix of the observables A and B in the state ω. This matrix
will play a role later on.

A historical comment

The so-called Uncertainty Principle was first formulated by Heisenberg in 1927, in the
early days of Quantum Mechanics, in a work that aimed to clarify the conceptual content
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of this newly born theory in contrast to the view offered by Classical Physics. In that work,
Heisenberg considered a quantum particle (an electron) moving in one dimension, with p
and q being the momentum and position observables associated with it, and considered
a process for measuring the position observable through the interaction of the particle
with a gamma-ray microscope (the so called “Heisenberg microscope”). In his analysis,
Heisenberg showed that if this measurement process provides the position with an error
of ε(q) (at the resolution of the microscope), then the momentum of the particle is altered
by an amount of δ(p) and so that the (mathematically informal) relation δ(p)ε(q) ∼ ℏ
holds.

This relationship exposes the idea that each of the quantities δ(p) and ε(q) cannot
be made arbitrarily small without the other becoming large, thus expressing the impos-
sibility of determining with arbitrarily small precision the position of a particle without
a drastically large transfer of momentum to it, suggesting, therefore, that the state of
a quantum particle does not allow the simultaneous knowledge of these two quantities.
Heisenberg pointed out that this circumstance is an essential characteristic of Quantum
Mechanics, as it does not manifest itself in Classical Mechanics. This idea became known
as Heisenberg’s Uncertainty Principle and is a fundamental conceptual piece of Quantum
Mechanics, discussed in all textbooks that deal with the subject.

Following on from Heisenberg’s conceptual work, in the same year of 1927, Kennard19

provided more mathematical and conceptual precision to Heisenberg’s relation, expressing
it in the form of an inequality involving the variances of p and q:

Var(p)Var(q) ≥ ℏ2/4 . (2.16)

(A side note: possibly due to a calculation error, Kennard actually obtained Var(p)Var(q) ≥
ℏ2).

The inequality (2.16), called Heisenberg’s uncertainty principle, states in mathemati-
cally precise terms the idea that, in a given quantum state, each of the stochastic quantities
Var(p) and Var(q) cannot be made arbitrarily small without the other becoming large,
thus expressing the intrinsic impossibility of a quantum state allowing the knowledge
of both quantities with arbitrary precision, regardless of what occurs in a measurement
process.

En passant, (2.16) also informs that neither p nor q can have eigenstates, since the
The variance of each cannot be zero.

Kennard’s result was also obtained around the same time by Weyl20 and presented in
one of his classic books on applications of Group Theory to Quantum Physics [39]. In
that book, however, Weyl attributes his observations to Pauli21. In fact, a demonstration
similar to Weyl’s can be found in Pauli’s book [40]. The Weyl-Pauli deduction is much
simpler than Kennard’s and can also be found in quantum mechanics textbooks, such as
in [41] and [40].

In contrast to Heisenberg’s, the Kennard-Weyl-Pauli analysis does not involve a spe-
cific measurement process and describes an intrinsic stochastic relationship between the
variances of p and q, independent of what occurs in a particular measurement process of
these observables.

19Earle H. Kennard (1885-1968). The work in question is [38].
20Hermann Klaus Hugo Weyl (1885–1955).
21Wolfgang Ernst Pauli (1900-1958)
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Thus, as someone has already stated, the uncertainty principle does not claim that we
observe the world through an opaque window, but that this opacity is inherent in Nature.

The formulations of Heisenberg and Kennard are not the same, and it is in Kennard’s
version, and not in Heisenberg’s, that the uncertainty principle is currently understood
and presented.

The next historical step was an extension, obtained by Robertson22 in 1929, of in-
equality (2.16). Robertson’s result involves an inequality for the product of variances of
certain operators more general than those of position and momentum. In truth, Robert-
son’s results were not yet ideal, as they were valid for a restricted class of observables.
What we will present in Section 2.7.1 is an even more general version of Robertson’s
inequality, with fewer restrictions on the type of operators considered.

One of the important aspects of the demonstration of uncertainty relations that we will
present is to highlight the role of non-commutativity of observables in Quantum Physics,
which manifests itself, for example, in the Heisenberg commutation relations [p, q] = −iℏ
between the momentum and position observables of a particle in one-dimensional motion.

The last historical step we want to consider was an important improvement on the
uncertainty relations obtained by Erwin Schrödinger in 1930 [42]. This Schrödinger uncer-
tainty relation, still rarely discussed in textbooks today, has recently become important
in developments in Quantum Optics and Quantum Information Theory. We will dedicate
Section 2.7.2 to it.

2.7.1 Heisenberg’s Uncertainty Principle

The first inequality we will discuss is known as Heisenberg’s Uncertainty Relation, which
we will present first in its most general form, attributed, as mentioned above, to Robert-
son. In Section 2.7.2, we will deal with the version of the uncertainty relations that was
obtained by Schrödinger.

Deducing Heisenberg’s Uncertainty Relation

To arrive at the desired result, we need two simple mathematical steps. The first is the
simple observation that, for an operator A (not necessarily selfadjoint), we have

ω

A∗A

�
≥ 0 , (2.17)

due to the positivity of the state.
The second step for proving the uncertainty relation is the following. Let λ be a real

number and let

p(λ) = aλ2 + bλ + c , (2.18)

with a ̸= 0, a second-degree polynomial in λ with real coefficients a, b, and c. Suppose
we know that p(λ) ≥ 0 for all λ ∈ �. This is obviously only possible if a > 0 and implies,
in particular, that p(λ0) ≥ 0, where λ0 is the point where p(λ) assumes a minimum. It is
easy to calculate that

λ0 = − b

2a
and that p(λ0) = c− b2

4a
. (2.19)

22Howard Percy Robertson (1902–1961).
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Therefore, under the hypothesis that p(λ) is always greater than or equal to zero, it
follows that

c− b2

4a
≥ 0 . (2.20)

Let A and B be two selfadjoint operators and let ω be a state. For a real λ, we have
by (2.17) that

ω
�

(A + iλB)∗(A + iλB)
�

≥ 0 . (2.21)

Writing the left-hand side explicitly, we have:

ω

B2
�
λ2 + ω


i[A, B]

�
λ + ω


A2
�

≥ 0 . (2.22)

Note that the coefficients of the polynomial on the left-hand side are real numbers, since
i[A, B] is selfadjoint if A and B are.

We can then use (2.20) and, assuming without loss of generality (see below) that
ω

B2
�
̸= 0, we will have,

ω

A2
�
− ω


i[A, B]

�2

4ω

B2
� ≥ 0 , (2.23)

i.e,

ω

A2
�
ω

B2
�

≥ 1

4
ω

i[A, B]

�2
. (2.24)

(Note, en passant, that this inequality is also valid if ω

B2
�

= 0 because, in that case,
���ω

[A, B]

���� ≤
��ω(AB)

��+
��ω(BA)

�� ≤ 2
q

ω

A2
�
ω

B2
�

= 0 ,

where the Cauchy-Schwarz inequality (2.8) was used and the fact that A and B are
selfadjoints. Thus, if B is selfadjoint and ω


B2
�

= 0, both sides of (2.24) cancel each
other out, preserving the truth of that expression).

Relation (2.24) holds for any observables A and B. Let us take in its place, in par-
ticular, the observables A′ = A− ω(A) and B′ = B − ω(B). Since [A′, B′] = [A, B], the
relation (2.24) tells us that

D
A− ⟨A⟩ω

�2E
ω

D
B − ⟨B⟩ω

�2E
ω

≥ 1

4



i[A, B]

�2
ω
, (2.25)

that is, that

Varω(A)Varω(B) ≥ 1

4



i[A, B]

�2
ω
. (2.26)

In terms of the standard deviations of A and B, this is written as

∆ω(A)∆ω(B) ≥ 1

2

���


[A, B]

�
ω

��� . (2.27)

Note that the right-hand side of the equation may be non-zero if the observables A and
B do not commute with each other.

Relation (2.26) is the Heisenberg uncertainty relation for the observables A and B in
the state ω. The generalisation to any observables that we presented above was obtained
(by other means) by Robertson.

Some authors refer to (2.26) as the Heisenberg-Robertson Uncertainty Relation and
call only the particular case of position and momentum operators, which we will discuss
later, the Heisenberg Uncertainty Relation.
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2.7.2 Schrödinger’s Uncertainty Principle

The inequality expressed in (2.26) has an important refinement, which is due to Schrödinger
[42]. We again assume A and B are selfadjoint and bounded. For simplicity, let us pro-
visionally consider A′:=A− ω(A)� and B′:=B − ω(B)�.

These operators A′ and B′ are equally bounded and selfadjoint. We have, trivially,

A′B′ =
1

2


A′B′ + B′A′�+

1

2

�
A′, B′�

and therefore

ω

A′B′� =

1

2
ω

A′B′ + B′A′�− i

2
ω

i
�
A′, B′�� . (2.28)

The two quantities ω

A′B′ +B′A′� and ω


i
�
A′, B′�� are real numbers, since A′B′ +B′A′

and i
�
A′, B′� are selfadjoint. Therefore, we can consider (2.28) as the decomposition of

the complex number ω

A′B′� into real and imaginary parts and, with this, state that

��ω

A′B′���2 =

1

4

�
ω

A′B′ + B′A′��2 +

1

4

�
ω

i
�
A′, B′���2 . (2.29)

Now, by the Cauchy-Schwarz inequality (2.8),
��ω

A′B′���2 ≤ ω


(A′)2

�
ω

(B′)2

�
. Thus,

returning to (2.29) we obtain

ω

(A′)2

�
ω

(B′)2

�
≥ 1

4

�
ω

A′B′ + B′A′��2 +

1

4

�
ω

i
�
A′, B′���2 . (2.30)

We have ω

(A′)2

�
= ω

�
A − ω(A)

�2�
= Varω(A) and ω


(B′)2

�
= ω

�
B − ω(B)

�2�
=

Varω(B), by definition. Moreover,

1

2

�
ω

A′B′ + B′A′�� =

1

2
ω
�

A− ω(A)
�
B − ω(B)

�
+

B − ω(B)

�
A− ω(A)

��

= Covω(A, B) .

Finally,
�
A′, B′� =

�
A, B

�
. Bringing these facts together, (2.30) can be rewritten as

Varω(A)Varω(B) ≥

Covω(A, B)

�2
+

1

4

�
ω

i[A, B]

��2
, (2.31)

that is,

Varω(A)Varω(B) ≥ Covω(A, B)2 +
1

4

D
i
�
A, B

�E2
ω
. (2.32)

It is clearly perceived, due to the positivity of the first term on the right-hand side,
that (2.26) is a consequence of (2.32) and that this inequality is more precise, that is,
more restrictive, than (2.26). Relation (2.32) is sometimes referred to as the Schrödinger
Uncertainty Relation, or the Modified Uncertainty Relation.

If we recall (2.13) and the fact that Covω(A, B) = Covω(B, A), the Schrödinger
Uncertainty Relation (2.32) can be rewritten in a more compact and elegant way as

det

�
Covω(A, A) Covω(A, B)
Covω(B, A) Covω(B, B)

�
≥ 1

4

D
i
�
A, B

�E2
ω
. (2.33)
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The matrix

Σω(A, B) :=

�
Covω(A, A) Covω(A, B)
Covω(B, A) Covω(B, B)

�
(2.34)

is called the covariance matrix of the observables A and B in the state ω. We had
already established in (2.15) that det


Σω(A, B)

�
≥ 0. Inequality (2.32) can be seen as a

refinement of this.
Finally, we mention that for the case already considered of the observables x and px

in the Hilbert space L2(�, dx) the Schrödinger uncertainty relation (2.33) assumes the
form

det

�
Covω(x, x) Covω(x, px)
Covω(px, x) Covω(px, px)

�
≥ ℏ2

4
. (2.35)

We will see that this expression is invariant under symplectic linear transformations in
phase space.

Invariance groups of uncertainty relations

A relevant point to be addressed regarding the relation (2.33) is its covariance under
certain linear transformations. Let’s first study how the covariance matrix (2.34) of
two observables A and B is transformed by linear transformations


A′

B′
�

= G( A
B ), with

G =

a b
c d

�
∈ Mat (�, 2), where a, b, c, d ∈ �. The transformations considered are real

so that the property of the observables being selfadjoint is not lost.
Since A′ = aA + bB and B′ = cA + dB, it is elementary to verify that

Covω(A′, A′) = a2Covω(A, A) + 2abCovω(A, B) + b2Covω(B, B) , (2.36)

Covω(A′, B′) = Covω(B′, A′)

= acCovω(A, A) + (ad + cb)Covω(A, B) + bdCovω(B, B) (2.37)

and

Covω(B′, B′) = c2Covω(A, A) + 2cdCovω(A, B) + d2Covω(B, B) . (2.38)

Thus, we obtain the following linear transformation rule for the covariance matrix:

Σω(A′, B′) = GΣω(A, B)GT . (2.39)

From this we conclude that

det

Σω(A′, B′)

�
=


detG

�2
det


Σω(A, B)

�
. (2.40)

Secondly, for the same linear transformations, we have for the commutator

[A′, B′] =
�
aA + bB, cA + dB

�
= (ad− bd)[A, B] =


detG

�
[A, B] . (2.41)

From this we extract the important observation that if detG is non-zero, both sides

of (2.33) are multiplied by the same positive factor


detG
�2

when performing a linear
transformation such as the one considered here. We can capture these considerations in
the following proposition:
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Proposition. The Schrödinger uncertainty relation (2.33) is preserved by linear trans-
formations of the observables


A′

B′
�

= G( A
B ), with G ∈ GL(�, 2), the group of real

non-singular 2 × 2 matrices. 2

The group of linear transformations that preserve Schrödinger’s uncertainty relations
is larger than that corresponding to the uncertainty relations of Heisenberg. Due to (2.13)
and (2.36)–(2.38), it is easy to see that only linear transformations such as A′ = αA and
B′ = βB, with α, β ∈ � \ {0}, do not alter (2.26).

2.7.3 Uncertainty Relations for Unbounded Operators

We will now discuss the problems that arise when we try to generalise the uncertainty
relations to situations in which we deal with unbounded selfadjoint operators. Before
that, however, we will present an important theorem, due to Wielandt23, on Heisenberg’s
commutation relations. After that, we will discuss, as motivation, a pathological example
of the application of Heisenberg’s uncertainty relations, that of a particle moving in a
circle.

Wielandt’s Theorem

Before we proceed, let’s make an observation about the Heisenberg’s commutation re-
lations. Let’s assume that q and p are selfadjoint operators on a common domain in a
Hilbert space H and satisfy [p, q] = −iℏ. We claim that at least one of the two cannot
be a bounded operator. This statement is sometimes called Wielandt’s Theorem [43].

Let’s assume, by contradiction, that ∥p∥ and ∥q∥ are finite. Then, we have ℏ =

[p, q]


 ≤ 2∥p∥



q


. It is easy to prove by induction that it holds

�
p, qn

�
= −inℏqn−1 for

all n ∈ N. Thus, we have nℏ


qn−1



 ≤




�
p, qn

�


 ≤ 2∥p∥


qn



. Now, since q is selfadjoint,

it holds


qn



 = ∥q∥n for all n ∈ N. Thus, we have the inequality nℏ ∥q∥n−1 ≤ 2∥p∥ ∥q∥n.
Since, naturally, we assume that ∥q∥ ̸= 0, we can cancel a factor ∥q∥n−1 from both sides
and obtain nℏ ≤ 2∥p∥ ∥q∥.

Now, this inequality cannot be satisfied for all n ∈ N, unless ℏ = 0 (a trivial case) or
that p or q (or both) is/are unbounded, proving what we wanted.

It should be noticed that there are, indeed, situations in which one of the operators
q or p is bounded. This is the case, for example, when considering a particle in one-
dimensional motion in a finite interval, for example, in the finite interval [0, L], with
L > 0. The Hilbert space to be considered is L2


[0, L], dx

�
and here ∥q∥ = L < ∞.

Particle moving on a line

Expressions (2.26) and (2.32) were obtained under the hypothesis that A and B are
bounded operators. In the case where the state ω is a pure state associated with a
normalised vector ψ in a Hilbert space, that is, ω(·) = ⟨ψ, · ψ⟩, it is possible to reproduce
exactly the same proofs that led to (2.26) and (2.32) (since they make use only of the
Cauchy-Schwarz inequality) even for unbounded selfadjoint operators A and B, provided
that ψ belongs to the domain of the operators A, A2, B, B2, AB −BA and AB + BA.

23Helmut Wielandt (1910–2001).
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These conditions, however, are very restrictive in certain cases of interest, but in the
we will not present the mathematically adequate treatment of these issues here and refer
the reader, as an example, to references such as [44].

The most important illustration of the relation (2.26) occurs in Hilbert space H =

L2(�, dx) when we take A = px = −iℏ
∂

∂x
and B = x (the multiplication operator by

x) and consider a pure state associated with a normalised vector ψ ∈ H satisfying the
domain conditions mentioned above. This is the case, for example, if ψ is an element of
the Schwartz space S (�) ⊂ L2(�, dx), which is kept invariant by px and x and is dense
in L2(�, dx). Given that [px, x] = −iℏ (in a domain such as S (�)), the relation (2.26)
then states that

Varψ(px)Varψ(x) ≥ ℏ2

4
. (2.42)

What does this result mean? The expression (2.42), as well as (2.26), contains state-
ments of a statistical nature. Both refer to average quantities (such as variance), where
the average in question is taken over a set of systems, all being described by the same
state ψ.

Thus, when we state that for any physical system, say a hydrogen atom, the average
value of an observable, say, of the energy H, in a state ψ is



ψ, Hψ

�
H

, we are stating
that if we make several measurements of the energy of a large set of hydrogen atoms, all
in the state ψ, with only one measurement for each atom, then, by taking the average of
the values thus obtained, we will have as a result the value



ψ, Hψ

�
H

.
Similarly, the expression (2.42) tells us that if we make measurements of the momen-

tum component x of, say, an electron moving around a proton for a large set of identical
hydrogen atoms, all in a state ψ, and we make measurements of the position x, also of an
electron moving around a proton for a large set of identical hydrogen atoms, all in a state
ψ, then the product of the variances of momentum and position satisfies the inequality
(2.42).

We want to emphasise that (2.42), as well as (2.26), refer to measurements on ”large”
sets of identical systems in the same state, not on individual successive measurements of
position and momentum in a single system.

Bearing this in mind, what the relation (2.42) tells us is that in Quantum Mechanics
there is no state ψ for which the variance of the x-component of the momentum operator
and the variance of the position x can be arbitrarily small in both. This fact is radically
contrary to what occurs in Classical Mechanics, because there, at any instant of time, a
material particle has well-defined position and momentum.

Particle in a circle. An example to keep in mind

To illustrate the difficulties that arise when we naively deal with Heisenberg’s uncertainty
relation (2.26) in the case of unbounded operators, let us consider the situation of a
quantum particle moving in a circle of radius 1, which we will denote as usually done
by S1. The Hilbert space to be considered is H = L2


S1, dφ

�
≡ L2


[−π, π), dφ

�
, the

position operator can be adopted as the multiplication operator by the angle φ ∈ [−π, π),
used as a coordinate in the circle S1. We will denote this operator by φ̂. Consider the
angular momentum operator, which in this case is given by ℓ̂ = −iℏ ∂

∂φ . The operator φ̂

is bounded in H , but ℓ̂ is not.
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Formally, we have the commutation relations

�
ℓ̂, φ̂

�
= −iℏ .

These commutation relations are identical to Heisenberg’s commutation relations.

If we now naively apply Heisenberg’s uncertainty relation (2.26) we would conclude
that for ψ ∈ H , with ∥ψ∥ = 1, the inequality would hold:

Varψ

ℓ̂
�
Varψ


φ̂
�

≥ ℏ2

4
, (2.43)

where, proceeding naively with the definition (2.11),

Varψ

ℓ̂
�

:=


ψ, ℓ̂2ψ

�
−


ψ, ℓ̂ψ

�2
and

Varψ

φ̂
�

:=


ψ, φ̂2ψ

�
−


ψ, φ̂ψ

�2
.

(2.44)

However, there is a problem with the inequality (2.43). For m ∈ �, the wave function

ψm(φ):= 1√
2π

eimφ is an element of H that is an eigenfunction of ℓ̂ (with eigenvalue m)

and therefore Varψm


ℓ̂
�

= 0, while Varψm


φ̂
�

= 1
2π

R π

−π
φ2 dφ = π2/3 is a finite quantity.

We see, therefore, that the inequality (2.43) is invalid in this situation, because the left
side is zero!

Where does the problem lie? This question has been lingering in the literature for
some time and has produced numerous works, not all of them correct and satisfactory
(and even some that, in the well-known words of Pauli, “are not even wrong”). As we
will point, one of the problems lies in the fact that the operator that we naively defined
by ℓ̂ = −iℏ ∂

∂φ is not a bounded operator in H and must be defined in a domain in

which it is a selfadjoint operator24. As we will see, this domain is not invariant under the
action of the multiplication operator φ̂, which makes the definition of the commutator�
ℓ̂, φ̂

�
= ℓ̂φ̂− φ̂ℓ̂ very problematic because if ψ is in a domain where ℓ̂ is selfadjoint, then

φ̂ψ is not necessarily in such domain, making the term ℓ̂φ̂ψ meaningless.

In general, the definition of commutators between unbounded selfadjoint operators is
subtle and problematic, and we refer the interested student to references such as [3, 6,
45, 46], where this issue is treated in more depth.

A second problem lies in the very definition of the variances Varψ

ℓ̂
�

and Varψ

φ̂
�
. By

the definition we have adopted so far, offered in (2.44), for bounded operators, Varψ

ℓ̂
�

and Varψ

φ̂
�

are only defined if ψ is simultaneously an element of the selfadjoint domain

of ℓ̂, of φ̂, of ℓ̂2 and of φ̂2, which can only have the null vector in common!25

We learn from this that the naive use of Heisenberg’s uncertainty relations (2.26) in this
case leads to a paradoxical situation and that much more care is needed in dealing with
uncertainty relations in the case of unbounded operators. A mathematically adequate
treatment of these issues can be found in references such as [44].

24For the theory of unbounded operators, see references such as [3, 6, 45, 46]
25In the case of Schrödinger uncertainty relations, covariances must also be considered, which require

additionally taking into account the domains of the operators ℓ̂φ̂+ φ̂ℓ̂.
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