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Abstract

Quantum mechanics has been subject to logical scrutiny since its inception. The behavior of
quantum systems, which are fundamentally dissimilar from classical systems, often appears
to point to a logical inconsistency in quantum mechanics, allegedly leading to contradictions
in the prediction of experimental measurements—though such contradictions have never mate-
rialized. A recent example of this type of inquiry into the logical well-posedness of quantum
mechanics is the Frauchiger—Renner Gedankenexperiment, which purports to demonstrate
that quantum mechanics is logically inconsistent under trivial assumptions. In this article,
we show that by considering the property of contextuality in quantum systems—as predicted
by the Kochen—Specker theorem—the supposed contradiction proposed by Frauchiger and
Renner becomes logically inaccessible.
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1 Introduction

One of the first proposed problems with the logical consistency of quantum mechanics was
regarding Schrodinger’s cat Gedankenexperiment [17], which amplified quantum phenomena
to the macroscopic world. Of course, Schrodinger himself did not regard this as a contradic-
tion, but a way to characterize the nature of quantum systems. Since the possibility of having
a system such as a cat be in a superposition of mutually exclusive states went directly against
classical logic, but this didn’t make quantum mechanics inconsistent with itself, only with a
classical world.

A second such theoretical consideration, the Wigner’s friend Gedankenexperiment [19],
considered an observer as itself a quantum mechanical system, and the equivalence between
observers as being equally privileged. In a sense, Wigner’s Gedankenexperiment could be
seen as a dual to Schrodinger’s, whereas Schrodinger sought to contrast quantum descrip-
tions to classical ones by bringing wave-function collapse to be an element of reality of
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the macroscopic world; Wigner’s Gedankenexperiment instead calls into question whether
wave-function collapse can be regarded as an objective physical process at all. Since the
collapse his friend observes is in no way more fundamental than the collapse Wigner himself
observes of the laboratory as a whole when the information of his friend’s measurement result
is assessed.

Nevertheless, the considerations invoked by Wigner’s Gedankenexperiment, also don’t
lead to any inconsistencies of quantum mechanics with itself. A more recent thought exper-
iment proposed by D. Frauchiger and R. Renner [9], and henceforth referenced as the
Frauchiger—Renner Gedankenexperiment appears to yield a fundamental inconsistency in
quantum mechanics, where a measurement result that is calculated to have a zero probability
of occurring actually occurs ﬁ of the times. The fundamental parts of the argument are
reproduced here for completeness, and this apparent inconsistency is shown to actually be
theoretically unreachable, unless the underlying logical structure of quantum mechanics is
taken to be noncontextual, which we know not to be the case because of the Kochen—Specker
theorem [14].

Contextuality in this situation involves the structure of the von Neumann algebras of the
observables of the theory, more specifically the set of commutative von Neumann subalgebras
of the physical system in question, this observation combined with the general treatment of
quantum field theory through algebraic methods given by algebraic quantum field theory [1,
7, 10] allows these questions and constructions to be brought to QFT, where the complications
involved in such a generalization will be discussed.

2 Generalized Wigner’s Friend Gedankenexperiment

The Frauchiger—Renner Gedankenexperiment [9] can be described as a generalization of the
original Wigner’s friend Gedankenexperiment. The setup of Wigner’s thought experiment
consists of a quantum system § and an agent F, himself also described as a quantum system,
that will perform a measurement on S; both being within a laboratory L that isolates S and
F from the exterior until the planned measurement that F' realizes on S occurs. After which,
another agent W that is exterior to the lab L measures the combined quantum system S ® F.
Henceforth, assuming that the wave-function collapse is an element of reality, the question
is whether the collapse occurred when F measures S or when W measures S @ F (Fig. 1
and 2).

This question is meaningless in the usual Copenhagen interpretation of quantum mechan-
ics, where wave-function collapse isn’t a physical process, but a theoretical way to update
probability amplitudes with the increase of information about the system obtained by the
measurement. As is realised in [12] and criticized in the corresponding discussion in [2].

The Frauchiger—Renner thought experiment can then be described by a duplication of the
ensemble of Wigner’s friend Gedankenexperiment, with a more complicated protocol of the
measurements that are to be realised and their prescribed order. We then have two laboratories

Fig. 1 Representation of

Wigner’s friend — K\

Gedankenexperiment, where the

quantum system S is measured S F ‘/‘/

by F in the laboratory L and W
measures the entirety of L
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Fig.2 Representation of the
Frauchiger—Renner — N
Gedankenexperiment as a F M/
variation in the Wigner’s friend Sl 1 1
Gedankenexperiment L
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L1 and L;, where in each we can find a two-level quantum system S; and a respective agent
F; that will realize a measurement on system S;, i = 1, 2. We also have two outside observers
W1 and W>.

It is considered, just as in the Wigner’s friend Gedankenexperiment, that each experi-
menter F; and F> can have their states measured to determine the measured outcome of the
two-level system that they perceived, as a simplifying assumption we shall consider this to
be representable also with a two-level quantum system. One can, of course, criticize this
simplification as non-representative of the complexity that is a rational agent, in which case
the same experiment can be carried out mechanically with this second two-level quantum
system being used as a replacement for the state of the experimenter’s memory, where the
measurement result is held.

We can then briefly describe the experimental protocol that every measuring agent knows
before the experiment can even begin. To arrive at an instance where the contradiction occurs,
the experiment is repeated several times, and hence each step of the experiment happens at
a given, predefined, time I, where the [n] superscript holds the number of repetitions
the experiment has already undertaken, with the numerical time being zeroed after each
trial. This is completely analogous to the setting found in another Gedankenexperiment
that is commonly referred to as Hardy’s paradox [11], where a couple of Mach-Zehnder
interferometers are interposed, though one is sent an electron beam whereas a positron beam
is sent in the other, these interferometers have one point where beam paths from different
interferometers intersect and particle annihilation can take place.

The supposed paradox happens because, when imposing locality and classical realism
conditions, there is an instance in which at least one of the detectors placed at a destructive
interference point of the beams actually detects a particle. Then as the only influence placed
on either interferometer is the possible annihilation. This means that an annihilation is influ-
encing the measurement outcomes, but in a situation in which only one electron and positron
are present in each interferometer beam.

An annihilation means that no detection should occur in either detector since the particles
were converted into photons, this establishes a paradox of sorts when trying to force classical
notions on this quantum system. Since the Frauchiger—Renner Gedankenexperiment also
involves this dependence on the configuration of the states in the system, it can also be seen
as a generalization of Hardy’s paradox [11].

Going back to the description of the experimental protocol, we consider a particular basis
{p, ¥} C 5 to represent the two-level quantum systems S; of the experiment and another
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basis {&, ¢} C JF to represent the agents Fj, that have been assumed to be describable as
two-level systems as well. The Gedankenexperiment is outlined by the following protocol:

Step "l = 0: Agent F| prepares a quantum system S to be in a state \/gq) + \/gllf, and
subsequently measures the system S; in the orthogonal basis {¢, ¥} C %
and if the result of this measurement is ¢ then Fj sends a quantum system $;
prepared in state ¢ € 5 to lab Lo, otherwise, if the result of the measurement
is ¥, then F sends the quantum system S> prepared in the state \/g e+ )
tolab L,.

Step " = 1: Agent F, measures S, with respect to the basis {¢, 1} and preserves the result-

ing state as a recording.

2: Agent W measures the entirety of the lab L; in an orthogonal basis given

by [@@@umn,\@(ms —veo.Jlwet+een. [luet —w@:)}, more
specifically with the projector P = P, and if he obtains a non-

Step 1]

3 (PRE—Y®L)
null outcome he then announces the information “P, L| # 0" publicly to every
other agent in the experiment, otherwise he announces “P, L| = 0".

Step "l = 3: Agent W, measures the entirety of the lab L, in an equivalent orthogonal
basis to that of Wy, also through the projector P, and if he obtains a non-null
outcome he then announces the information “P, Ly # 0" publicly to every
other agent in the experiment, otherwise he announces “P, L, = 0".

Step " = 4: If “PyLy # 0" and “P, Ly # 0" then the experiment is halted, otherwise the
index of 1"l is increased to rI"*!1 and the procedure is repeated beginning
from the step time 0. This is repeated until the experiment halts.

In the literature about the subject it is recurrent the use of naive, informal logical inferences
to arrive at the contradiction originally arrived by Frauchiger and Renner. This has been
known to be improper since before the work of Kochen and Specker [14] in the 1960s, which
nevertheless crystallized the problem with their construction involving 117 Hilbert space
vectors.

A good reference for both the naive approach to the problem, as well as a more structured
and formal approach, is present in [15]. We will use formal symbolic logic as the language
to make precise the deductions each agent in the Gedankenexperiment does, bringing these
logical deductions closer to mechanical computations and thereby greatly reducing the pos-
sibility of confusion or of an agent acquiring more information than is available to them.

3 Formal Deductions

As a brief exposition of the logical notation which we will employ in the following logical
deductions, the definition of what is known as a Kripke Structure [3] (or Kripke semantics)
will codify the meaning of each measurement operation realised by each actor. For the syntax,
we use epistemic modal logic, which is a generalization of classical modal logic, itself being
an extension of propositional logic. The epistemic part comes from the intention of creating
a logic pertinent to information and its receptacles.

In modal logic two other types of unary operators are considered on the propositions Og
(“it is necessary ¢") and Op (“it is possible p"). These are dual by Og = —=O(—g), p is
necessary is equal to not possibly not p, i.e., the necessity of p is the same as the negation
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of the impossibility of p; and Og = —[J(—q), ¢ is possible is equal to not necessarily not g,
i.e., the possibility of ¢ is the same as the negation of the unnecessariness of g.

Epistemic modal logic is generalized from modal logic in such a way that [1q are replaced
by # q that can be read as “it is epistemically necessary that ¢” or “it is known that ¢”, the
¢ is not generalized or given any importance, since it does not have a clear interpretation as
to what it would represent in terms of knowledge.

In a situation where we have several agents, we now have many unary operators of the
type #a, #8, C , ... each referring to an agent A, B, C, ... so that, having introduced the
syntax, we can now go on to deal with the Kripke semantic.

Definition 3.1 (Kripke structure) A Kripke structure M for n agents over a set of propositions
disa (n+ 2)-tuple (¥, 7, Ry, ..., R;,), where ¥ is a nonempty set of states, 7 : ¥ X & —
{0, 1} is an interpretation which defines the truth value of a proposition ¢ € ® in a state
s € ¥ and R; is a binary accessibility relation on the set of states ¥ according to agent i.
We then define the evaluation |- relation recursively, for s € X and ¢ € ®, s I ¢ means:

i Atomic propositions:
pisatomicand s IF p < n(s, p) = 1.

ii Boolean connectives:
slk—¢ < sl ¢,

slEp1 Ay < (sIFd1) A(sIF o).
iii Epistemic modality:
sl-¢p < Vie X, (s,t) eR; =t ¢.

Basically, the binary accessibility relations R; allow measurement information .%;¢ of
agent i that is present in a given state s of our system, to be encapsulated within an internal
state ¢ of agent i where ¢ can then be taken to be true.

To connect the Kripke semantics with the physical protocol, we interpret each s € X as a
complete possible history of one run of the experiment. Such a history specifies the outcomes
recorded by F and F>, together with the outcomes subsequently obtained by W; and W5.
The atomic propositions are therefore time-stamped statements about these records, such as
“Fj recorded S = ¢,” “F, recorded S = ¥,” and “W;’s measurement returned the outcome
associated with P,,”. The relation th‘ (s, s”) means that, according to all information available
to agent i at time ¢, histories s and s’ are epistemically indistinguishable. Consequently,

sl-'¢p < s I ¢ forevery s’ such that Rl (s, s”).

The purpose of the modal formalism is to track which agent is entitled to use each impli-
cation and at what time; the contextual refinement introduced later additionally records the
abelian subalgebra within which each implication is licensed.

We then list a number of deduction rules for rational agents:

Definition 3.2 (Distribution axiom) This axiom establishes that if an agent i knows ¢ and
that ¢ = v, then i knows v, or in symbols:

s lE () A (Hilp = ¥)) = sk Hlp A (9= P)] = sk 4. ey

This is a realization of modus ponens as a rule of inference.
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Definition 3.3 (Knowledge generalization axiom) This axiom says that if a proposition ¢ is
a tautology, then this proposition is available to all agents, and therefore any agent i knows
¢, that is:

F¢ = |- e, Vi. 2)

where we have used the empty state notation | ¢ to indicate that ¢ is true in all states in X.

Definition 3.4 (Positive introspection axiom) Agents must intuitively be able to introspect
about their own knowledge, that is if an agent i knows ¢, then he must also know that he
knows ¢, so we add this property as an axiom:

sl tp = sk A, 3)

This is equivalent by contrapositive to the statement that if it is false that agent i knows
that he knows ¢ then i doesn’t know ¢:

sk —d tp = sk —JHp. )

Definition 3.5 (Negative introspection axiom) Agents must intuitively also be able to intro-
spect about what they do not know, this makes sense in a logical system about knowledge
where there is no confusion about what is known and about that which is unknown, that is,
knowledge is always known or not known, therefore if an agent i doesn’t know ¢, then he
knows that he doesn’t know ¢, or in symbols:

slk—=Jip = s+ H—Hp. 5)

Again by contrapositive this statement is equivalent to saying that if it is false that agent

i knows that he doesn’t know ¢ then he knows ¢, otherwise he would know that he doesn’t
know ¢, in symbols:

sk =di—dip = sk . (6)

Until this last axiom, the implications have been trivial enough that they were valid irre-
spective of whether we were talking about a classical system or a quantum system, but the
next (which would also be the last) breaks this pattern. Originally, in usual epistemic modal
logic the so-called knowledge axiom, s I ¢ — s IF ¢ would allow an encapsu-
lated individual’s knowledge to escape this confinement. The reasoning behind it could be
expressed as: “Since we are talking about knowledge, it is reasonable that if an agent i knows
¢, then ¢ must be necessarily true, otherwise i wouldn’t know ¢".

This last axiom would allow, beyond properties such as the consideration that if a propo-
sition ¢ is true independently of state then it would be impossible for any agent i to know the
negation of ¢ to be true without any logical contradiction; and the possibility of recovering
knowledge from introspective knowledge, the certainty of one agent obtaining knowledge
from knowing another agent’s knowledge, that is, given an agent i that knows that agent j
knows ¢, we would have: s I 7. 7j¢p = s |- Zi¢.

It is from this last axiom that the naive treatments of the Frauchiger-Renner Gedankenex-
periment arrive in a logical contradiction. Since in quantum mechanics measurements almost
always alter the state of the system being measured it would not make sense to consider that
the original fifth knowledge axiom would make any sense, e.g., if for a given electron the
assertion: ¢ = “the projection on the z direction of the spin of the electron is in the positive
z direction" is to be considered in a situation in which an experimenter A has realised the
measurement.

If we resignify the meaning of %4 ¢ to have the semantic meaning of “A has realised a
measurement obtaining as result, or otherwise acquired the knowledge that ¢", then while
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it would make sense to write %4 ¢, axiom 5 would make this imply that assertion g by
itself would be true independently of any particular measurement experiment. However this
makes no sense since, if another experimenter B decided to measure the spin projection
in the x direction, then this would perturb the electron and make uncertain any subsequent
measurement in the z direction, making it possible not to be anymore in the positive z direction
as ¢ would imply.

In [15] this last fifth axiom is first refined to a trust axiom (perhaps a better name would have
been amenable information axiom) where the existence of a “trust” relation i <~ j between
agents i and j could be used to filter the cases in which the logic expression reduction
sl-2t ¢ = sl- g, Vs € X, ¢ € @ would be allowed. Understanding A <~ B to
mean a trust that if A were to repeat the same measurement as B did, then A would always get
the same result as B, in other words A trusts that B has not made a destructive measurement, or
failed to keep the system isolated, or immediately after taking that measurement has made,
or allowed another person to make, an incompatible measurement that would perturb the
system in such a way as to make his measurement not repeatable.

From these considerations one can clearly see that the Trust axiom A<~ B <=
HAKHp q = Ha q makes sense quantum mechanically, since as A could in principle repeat
the same measurement as B and get the same result, then it makes as much sense for A to
know ¢ as does for B.

Nevertheless, this still leads to a contradiction if only this criterion of compatible mea-
surements is used.

in the following section we shall use this Kripke semantics notation to be able to synthesize
a phrase like "experimenter W, measures the state of lab L, as orthogonal to the vector x at
time ¢t = 4" to the symbolic expression " W§:4(Px L, =0)".

4 Frauchiger-Renner No-Go Result

The inconsistency result of Frauchiger and Renner [9] can be expressed as a theorem:

Theorem 4.1 (Frauchiger—Renner) Any theory that satisfies the assumptions given by Born’s
rule (Q), the ability to generalize an assertion (C) about the information available to an
agent, with the possibility of simplifying information without any obstructions related to
the receptacle of this information; and the univaluation (S) of measurement results of any
one system. These assumptions lead to a contradiction in the scenario described by the
Gedankenexperiment.

To clarify what the conditions (Q), (C) and (S) mean, we will elaborate on them in what
follows:

— Condition (Q) is plain Born’s rule, which for all intents and purposes here just means
that for a normalized vector ¢ € 2, if P: ¥ = v, with P: being a rank-one projector, then
£ = ey with6 € R (or, equivalently if [§] =[] and ||| = ||| , in the sense of rays in
Hilbert space) and therefore (v, P: ) = 1.

— To what pertains condition (C), the ability to generalize an assertion about the available
information we must consider a type of metalogic of the system to describe logical relations
between the agents themselves. For completeness we first consider this condition to mean
the trust axiom, with the trust being given by the criterion of compatible measurements.

— Lastly, condition (S) means that an agent cannot measure two different results for
the same value at the same time, that is, if P ¢ = i at a time ¢, then it cannot be that
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P:yr = x # ¢ also at time ¢. In particular, this implies, in the notation of Kripke semantics,
that if 3 [(Ps ¥ # 0) A (Pz ¢ = 0)] then

Ha(Ps Y # 0) A (= Ha(Per #0)), @)

which is a usual, global, contradiction A A —A, whereas the #5[A A —A] could be seen as
alocal, i.e., to agent B, contradiction.

Having made all of these important semantic considerations, we can go on to prove the
Frauchiger—Renner no-go result.

Proof Tt is considered, just as in the Wigner’s friend Gedankenexperiment, that each experi-
menter F| and F> can have their states measured to determine the measured outcome of the
two-level system that they perceived, as a simplifying assumption we shall consider this to
be representable with the orthogonal basis {£, {} € #p, where we have chosen other letters
to better distinguish the states of the system and the states of the experimenters, of course
one can criticize this simplification as non-representative of the complexity that is a rational
agent, in which case the same experiment can be carried out mechanically with a second
two-level quantum system being used as a replacement for the state of the experimenter
memory where the measurement result is held.

As occurs in QM, each experimenter has to consider the evolution of all other quantum
systems, that he is not measuring, as unitary (all constituent parts of the experimental setup
are fundamentally quantum systems and even though each of the experimenters knows that
the other experimenters are going to perform measurements, he can only add the effects of
these measurements with correlations on the states implemented by isometries, since the
state of that experimenter himself isn’t getting entangled with the system being measured by
another agent.)

We can then consider which agents receive relevant information from which other agents,
or in other words what are the trust relations between the measuring agents. Clearly since
W1 announces his sole measurement result to all the other agents at time ¢ = 2, then we must
have that all other agents trust Wy att = 2, in particular, W2’=3 o~ Wlt 22, Analogously, agent
W, announces his sole measurement result for all the other agents at time r = 3, then we
must have that all other agents trust W at ¢ = 3, in particular, F] =4 n 2’:3.

If Wi can indirectly find out the information of the measurement of F; at time t = 1,
then W can trust this information since the quantum system S, that F; is measuring is and
remains after its measurement isolated from Wi, that is Wlt z2 FZ’ZZ.

And finally since the measurements that > and F; make are compatible then any informa-
tion one gets about the other they can trust as long as those systems have not been disturbed
at those times by someone else, in particular, Fz’:2 o~ F 1’ =0.1.2

Synthesizing these particular relations into a trust hierarchy one gets:

F{:4+«» 2’:3<—-W1t22<—w 2’:2<—-F1t=0’1’2. (8)

From the outset the following assertions are true because of the way the Gedankenexper-
iment was arranged and because every agent knows the arrangement of the experiment:

If F 1’ =l measures Y from system Sy, then F| knows that after F> measures Sy = \/g (p+

Y¥) in the basis {¢, ¥}, it has as much chance of measuring ¢ as it has for measuring ¥,
therefore F arrives at the conclusion that W, will be measuring the lab L, in the state

\/g(go ® & + ¥ ® ¢), which is orthogonal to x = \/;(go ®&— v ®¢), hence Py L, = 0.
In symbols:
b A s [ A =1 ([S1] = [¥]) = A= (Py L2 = 0)] )
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Since F, knows from the outset of the experiment that F; will send him either an S, = ¢
state if F; measures ¢, or an S, = \/g (¢ + ¥) if F| measures ¥, then if F> measures
[S2] = [¥] he will know that F; had measured [S1] = [¢]. Or with the formula!:

Ik Hpges [Hpgmr (152 = WD) = Hpgmo12(S1] = [¥D)] (10)

Since W knows that when he is going to make a measurement of the lab L, he considers
that the global state is at that time equal to
1
%(QDS] ® ng ® ¢S, ® ng + WS] ® §W| ® [ ® 'i:Wz + Iﬁsl ® ;Wl ® w52 ® {Wz) (11)

(where we have put subscripts to facilitate understanding of whose state that vector is asso-
ciated with) hence he can factor this state in the basis that he is measuring with to get

1
7

since the first part of the global state is perpendicular to the vector y = \/g (ps, ® &w, —
¥s; ® ¢w,) associated with the projector P, that Wy uses to make his measurement, then
if he gets P, L # O that means that the only part of the global state that overlaps with this
observation is the part %1//51 ®Lw, @ ¥s, ® {w,, which makes Wy certain that /> measured
Y at time t = 2, that is:

21
J@ﬁ%®m+W®MW%®%+ Vs ®bwi @ Vs, @ wsy (12)

I Hyrs [%W{:s(PXLl £0) = Hpam12([S2] = [vD] (13)

Since before the beginning of the experiment the participants must communicate amongst
themselves to set up the experiment in the first place, then they can also inform each other of
the implications that each deduced based on a possible measurement outcome, in particular,
the previous three assertions can be made known to F,, W; and W respectively:

I K= Hpr<a [ K =1 ([$1] = [W]) = Hy=s (Py Lo = 0)] (14)
b Hyi=s Hggs [ Hpgm1 (2] = YD) = A2 (1] = [¥])] (15)
b Hygms Ay = (Py Ly # 0) = Hprm2(1521 = [9])] (16)

These in part can be communicated again to other agents and so on, up to third- and
fourth-order statements like:

I Hyy=s Hpg=2 Ay =3[ Hpg=1 ([S1] = [¥]) = Hpyg=s (Py L2 = 0)] (17)
b Hygms K= H g2 Ay s [ K= (1] = [W]) = Hy=a(Py L2 = 0)]  (18)
I Hygms Ky Ky [ K1 (1521 = WD) = A2 (811 = [¥])] (19)

As we can only reduce the statements made about trusted agents, we shall begin by
considering all of the previous statements that are within W5’s knowledge,

b Hyg=s Ay =s [ A2 (Py Lt # 0) = Hp12(182] = [Y])] (20)

U1 will use [S5] = [¥] instead of Sy = v, because the result of measurement of Sy = \/g((p + ) bya
projector is always a determination up to a phase, hence the Hilbert space ray notation with [ - ].
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b Hyyms Hoygos Ky [ Hpge (2] = WD) = Hpmor2 (SIT=[D] @D

b Hygms Koy Hpgr Hopg 3 [ A= (1] = [Y]) = Hyr=s(Py L2 =0)]  (22)

First we combine the bottom two statements:

I Hyyr=s Hyyi=s Hpi=2 [[%Fz,:l ([S2] = YD) = Hp=o12([S1] = [¥D]A

A H s [ H g (ST=19D = Hyyea (P Lz :0)]”,

(23)
and now we apply the trust condition Fz’:2 e~ F lt =0.1.2.
I Hrygs gy Ay | [ g (152] = 0D = Ao 2(1S1] = (D]
/\[%Flrzl ISi1=MyD = %W£:4(PXL2 = 0)]]. 24)
Applying the distribution axiom 3.2 for F;:
I Hyims K= K= [ Hpr=1 ((S2] = [¥]) = Hyi=s (Py Ly = 0)]. (25)

Now we combine this with the remaining statement about W>’s knowledge:
I+ %W2t=4<%/W11=3 [[%/W{=3(PXL1 #0) = Xth:n,z([Sz] = [1//])]/\

A [‘%/Fz’zz [e%/Fzr:l [S2]=[¥ D)= e)gwf4 (PyL> :0)]]]
(26)

Again, we apply the trust condition Wlt 22 o FZ’ZZ, followed by the distribution axiom for
W1, obtaining:

I Ay A= [J{W{=3(PXL 1 #0) = Hy=a(Py Lo = 0)]. 27

Note that the above holds for all possible outcome scenarios, and that Wi and W, reach
the conclusion %/le:3 (PyL1 #0) = %/W£:4 (Py Ly = 0) before the experiment even starts.
Additionally, at the end of the experiment, after time t = 3, W and W, learn of each other’s
outcomes, in particular:

VseX: [sl Hyi=2(PyLy # 0] = [sIF %W2t=3<%/wlr=2_3(PXL1 #0)].  (28)

Now we run the experiment. As in Hardy’s paradox Gedankenexperiment, we analyze a
specific scenario within all possible configurations of outcomes that exist in the experiment
X, namely, we follow the scenario s in which both W reports “P, L # 0" and W, reports
“Py Ly # 0", by considering from the very beginning the global state of the experiment:

1

\/3(9051 ®§W1 ®(P52 ®EW2 + 1»1/51 & ;Wl X ¢S, ®EW2 + 1»[/51 & ;Wl ® 1r//SZ ® §W2) =
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1 1
= ﬁ I:((p51 ®'§W1 + 1pS1 &® §W1) (‘PSZ ®-§W2 + EWSZ X ;‘Wz):| _

1
_m (WSI ® SWl - ‘(/fsl ® é‘Wl) (QDSZ ® §W2 + WSZ ® ;Wz) +

e (L s ot — s o cm) ) ({2 s @ 8w —vs, 00) ) | @)
2«/§ ) @S, Wi M ;Wl ) @S, Wy S §W2

2
therefore the probability of this happening is ‘Tﬁ‘ = 15, hence:
dsex: sl ‘%/WI’ZZ’3(PXL1 #0) A %’Wézs(PX Ly #0) (30)

Given that W; communicates his result to all other agents in the experiment, we must also
have that W, knows the result of W; at time ¢ = 3:

dsex: sk Jsfwfs [J{W]t=z,3 (PyLi #0) A JKW£=3(PX Ly # O)] . (31)
Now we can combine this with the assertion (27) to get:
s e i sl Ay | [Hyma (PrLi £ 0) A Hqyyor (PyLa # O] A
A [ Hyra (Py Ly # 0) = Hiyes (P Lo = 0)]] 32)
applying the trust relation W=3 «~ W!=2:
IseT: sl Sy | [Hugms (PyLa # 0) A Hyyya (P Lt # O]
A A2 (P Ly #0) = Hyyys(Py Lo = 0)] |
using now the distribution axiom for Wj:
Is € Bt sk Ay [ Ay (PyLay # 0) A Hyyr=s (Py Ly = 0)]. (33)
Finally, we can apply the trivial trust relation WZ’:3 o~ WZ’:3 to obtain:
JseXx: sl Ji/W2t=3[(PXL2 #0) A (PyLy = 0)], (34)
we now use condition (S) to get a global contradiction from a local one:
(xwfs A= W2t=3) [PyLy=0]. (35)

As a matter of fact, this contradiction can be achieved by all agents at the end of the exper-
iment by considering the emulation of the thought process of W> and his final announcement
atr = 3.

That is, in scenario s € X, Fj knows that he measured [S1] = [¢] at + = 0O and by
proposition (9)

[ 1F A (511 = WD) A [ 1+ Hges [ A (511 = (WD) = Ay (P L2 = 0)]]
(36)

and by the distribution axiom (3.2) (and the introspection axiom 3.4)

§ I Hpg s Hyyg=s (P Ly = 0). 37)
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F>,inscenario s € X, knows that he measured [S>] = [] atz = 1 and from propositions
(10), (14) and the distribution axiom (3.2) (and again the introspection axiom 3.4)

| Hpga K | Hyygms (P Lo = 0)] (38)
using then the trust hierarchy (8) and the trust axiom
s |- <)£’F2t=z<)£/w2t=4(PX L, =0). 39)

At last, using steps analogous to those used in deriving (27), where instead of propositions
(20), (21) and (22) we use propositions (13), (15) and (17), we obtain

b A= [ Hyr=s (Py Ly # 0) = Hyr=s(Py L2 = 0)], (40)

and considering that in scenario s € X, %’leza(PXLl # 0), using the distribution axiom
(3.2) (and yet again the introspection axiom 3.4)

s I Hgr=s Hyyg=s (P L2 = 0). (41)

We can then re-obtain the global logical contradiction from each one of the agents, using
propositions (37), (39) and (41), the introspection axiom on those at time ¢ = 4 together with
the trivial trust of each agent at later times in themselves at earlier times, the information that
in scenario s: %W2¢:4 (Py Ly # 0), which W informs to every other agent at the end of step
t = 3 and condition (S) to, again, get a global contradiction from a local one. O

One can notice a striking similarity between this process of contradictory two-valuation
of an assertion in this Gedankenexperiment and the also contradictory two-valuation of the
Kochen—Specker theorem [14], even though no mention was present in the original paper.

Although [15] also used Kripke semantics [3] to simplify and organize the original argu-
ment and also considered contextuality as a solution to the problem, the notion of contextuality
that was considered is the one called “two-dimensional semantics", which differs from the
more common definition, where a context is any given abelian von Neumann subalgebra of
the von Neumann algebra of observables [6].

In two-dimensional semantics the entire list of observers that have made measurements
and provided information is appended to the epistemic operators .#” and at each measurement
a new observer and its measurement is appended to the list. In this sense, this list becomes
the "context" of under which measurements those assertions were made.

The usual notion of contextuality simplifies this description by only looking at the orthog-
onal basis under which any of the measurements were performed, hence we can change the
trust axiom to reflect this constraint:

Definition 4.1 (Contextual information axiom) We say that an agent i is amenable to the
information of j, and denote it by i ¢~ j, if and only if the context %" of i is the same as the
context of j and:

sw%[%;sngmwt;gﬁ, VseX,ped (42)

And we also have to update the distribution axiom so as to account for the possibility of
different contexts.

Definition 4.2 (Contextual distribution axiom) For the same context ¢ of i :

sl (,;f,f,-M)A(,%/,-[W@éw)) — sl e)f/,'r%)(dJA(d)éW)) = sk Ay, VseTgpeo (43)
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Using this new axiom it becomes clear that Wl’22 o Fi=2 and FI=* o+ W}=3, since the
contexts in which each of those makes their measurements are different, henceforth called €}
for the abelian von Neumann algebras generated by the projectors associated with the basis
{p, ¥}; and & for the abelian von Neumann algebras generated by the projectors associated

with the basis {\/E(go @t+v . lvet-von. [luet+oen. [lu
®& — ¢ ® ¢)}. Then, one cannot arrive at the contradiction since the assertion (26) now

given by

Ik Hyges L;/;%/W{:s LKZ[[JE/W{:s [%(PXL | £0) = WFZt:l.ngI([Sz] =[] A

N [%[%5:1 [%([52] =YD = Hyps [%(PXLZ = 0)]]] (44)

cannot be reduced to an analogue of (27). The obstruction is not a failure of the distribution
axiom or of hypothetical syllogism, but the restriction of the trust axiom to a common context.
In the noncontextual calculus, one has

Hap = HaKa,
Ha(Hap = HpW) = (HaHad = Ko b,
a“~b
Ha Xy == Ha.

Thus, under the stated premises,

Hap = Ha.
Implications of this form may be combined directly by hypothetical syllogism:

Ha = Ha¥ Y = Hab
SHap —> Hg0 '

This is the reduction used in obtaining (27). It does not require the generally invalid
inference

(fabd = Ha¥) = Ha(p = P).

When the contexts are retained, the trust reduction is valid only when the two epistemic
operators belong to the same context:

Ha L/%/h Lf‘/, = Ha wa'

6

For ¢ # %>, however,
AN == K .
“Lﬁz bL’:/I “L/zl/f

The common intermediate proposition needed for hypothetical syllogism is therefore
unavailable. Hence the chain cannot be reduced to (27), and the contradiction is not obtained.

The impossibility of such reductions is implicitly assumed by [15] to mean that there is a
hard limitation on the reasoning of the agents that is imposed on them without their noticing
which makes them perceive the information received by measurements in other contexts as
independent from their own. A much simpler interpretation is that the agents do, in fact,
know quantum mechanics, hence they must also know the Kochen—Specker theorem [14],
hence they know they cannot use the measurement results from another context in their own
without excluding the possibility of arriving at contradictory results.
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A more standard way to rephrase that is to say: For the agents to actually be considered
to be using QM in their deductions, they have to carefully consider the compatibility, or lack
thereof, of the measurement results when those are being logically combined.

5 Complications of Generalizing to QFTs

The Gedankenexperiment proposed by Frauchiger and Renner relies ubiquitously on the
existence of sharp states, and their associated projectors. Though it is a widely known result
in the literature [4, 5, 20], that the algebras of local observables are von Neumann algebras
of Type III.

To better understand the meaning of this, we remind the reader that the relation of Murray-
von Neumann equivalence p ~ ¢ (Whichmeans: 3v, v*v = p and vv* = ¢,[18])is logically
independent of the projector ordering relation # < w. Hence, the fact that every nonzero
projector in a Type III von Neumann algebra is infinite, i.e.,Vp € P(2), 3g € P, g < p
and g ~ p; for P () equal to the set of projectors of algebra 2.

Hence we can never talk about sharp states, which would give rise to the rank-one yes-no
propositions, in local algebras of observables. Which means we lose the most basic building
blocks of a Birkhoff-von Neumann quantum logic, which would be particularly important in
a Frauchiger—Renner scenario.

Nevertheless, the Kochen—Specker theorem still holds [6]. Which means that the basic con-
textuality property that the Frauchiger—Renner Gedankenexperiment suggests is still present
in Type III von Neumann algebras, even if the property cannot be brought to a logical (and
possibly paradoxical) statement in a Birkhoff-von Neumann framework.

6 Conclusion

The contradiction found by Frauchiger and Renner amounts to an implied supposition in a
noncontextual logic existing above quantum mechanics, which directly violates the results
of the Kochen—Specker theorem, making the contradiction be a result of the contradicting
hypothesis rather than from quantum mechanics itself.

Although the largely algebraic treatment of this Gedankenexperiment, and of its solution,
could seem to amount to a straightforward generalization of this problem from non-relativistic
quantum mechanics to quantum field theory by using the algebraic quantum field theory
approach, the fact that the majority of the algebras, of physical interest, present in QFT,
namely the ones made out of local observables, are von Neumann algebras of Type III, means
that there would be no minimal projections in the lattice of projections of the von Neumann
algebra of local observables [16], and hence no sharp states would ever be available locally.

Therefore the contradiction that in this Gedankenexperiment presented itself as a state-
dependent logical contradiction, in a quantum field theory setting could at most become a
statistically improbable deviation in measurement statistics.

A more precise, but necessarily preliminary, formulation of this observation can be given
in terms of operational measurement effects and their correlation functions. First, the absence
of minimal projections in a Type III von Neumann algebra should not be confused with the
absence of projections. Type III local algebras contain many nonzero projections, but none
of them is minimal. Moreover, in an operational formulation of measurement in AQFT [8],
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an outcome need not be represented by a projection at all: it may instead be represented by
an effect, that is, a positive element E satisfying

0<E<T.

In the local system—probe framework of Fewster and Verch, even when the measured
probe effect B is sharp, that is, when B is a projection satisfying B> = B, the corresponding
induced system effect e, (B) generally need not be a projection and is therefore unsharp [8,
Sec. 3.2, especially Eq. (3.13)].

Accordingly, let

E)(,i EQ‘(O{), OSEX,i <1,

denote the local measurement effect operationally associated with the outcome announced
in the notation of the present article as

P, L; #0.

The complementary effect 1 — E, ; then corresponds to the alternative P, L; = 0. The
effect E, ; is not assumed to be a rank-one projection. If it is a nonzero projection, then it
must be non-minimal in a Type III local algebra; more generally, it may be a non-projective
effect induced by the coupling of the field to the measuring apparatus.

If we further let E, ; denote the corresponding effect at a fixed reference time #p = 0,
then a;; (E ;) represents the effect at the time #; of the respective measurement.

Following the correlation-function viewpoint used by Hepp [13], let w be a state on the
quasilocal algebra and let «; denote the dynamics. The two-point correlation associated with
the outcomes Py L # 0 and P, L, # 0 may then be written as

Go(t1, 12) 1= w(ay (Ey 1), (Ey ) - (45)

If the two evolved effects commute—for example, when the corresponding measurements
are localized in causally disjoint regions—then their product is the joint yes—yes effect of the
associated binary measurements. Consequently, G, (¢, t2) has the ordinary interpretation of
the joint probability that the two outcomes denoted by Py L| # Oand P, L, # 0 arerecorded.
If the effects do not commute, the expression remains a two-point correlation function but
cannot by itself be interpreted as a joint probability; an operational probability would then
have to be defined using an explicit system—probe coupling and the associated measurement
instruments [8, Sec. 3.3].

A conditional probability may also be introduced, provided that the two effects admit the
preceding joint-probability interpretation. Let

pra(tn) == o(ay (Ex.1)) (46)
be the probability of the outcome P, L # 0. Whenever p, 1(¢1) > 0, define
Gol(t1, 1)
8u(t1, 1) = ———""= = Prob,,(PyLy # 0| P,L; #0). 47)
px,l([l)

The numerator is the probability that both nonzero outcomes are recorded, while the
denominator restricts attention to those runs in which P,L; # 0 was recorded. Thus,
8, (t1, 12) is the fraction of such runs in which P, L, # 0 is also recorded.

The term “mismatch” is used here only relative to the noncontextual chain of epistemic
inferences considered earlier in this article. That chain would exclude P, Ly # O after the
occurrence of Py L; # 0. The contextual analysis of the present article shows that this
chain cannot be reduced to a valid bare implication between the two measurement outcomes.
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Consequently, &, (t1, #2) is an operational diagnostic of the noncontextual inference, rather
than the probability of violating a physical implication accepted by the contextual theory.

The distinction between the joint and conditional probabilities is important. In the finite-
dimensional Frauchiger—Renner protocol,

Prob(P, L1 # 0) = é Prob(Py L1 # 0 A PyLy #0) = %

Consequently,
/12 1
Prob(P, Ly # 0| Py Ly #0) = 6 =72

Thus, the joint outcome occurs in 1/12 of all runs, but it occurs in one half of the runs
conditioned on Py L; # 0. A small joint probability does not, by itself, imply a small
conditional mismatch probability, because the conditioning outcome may itself be rare.

In a field-theoretic implementation, the statement that the joint outcome is statistically
improbable would correspond to a bound of the form

Gyti.n) <e, 0O<exl,
whereas the stronger statement that it is improbable conditional on P, L1 # 0 would require
bu(t1,12) < e.

Neither estimate follows from the Type III property alone. Their validity would have
to be established from a specified state, dynamics, localization regions, detector coupling,
and measurement effects. The proposed AQFT extension should therefore be regarded as an
operational reformulation and a subject for further investigation, rather than as a consequence
already established by the Type III structure.
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